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ADVERTISEMENT. 



The Tbbatise on Tbigonometry by Mr. Airy was written 
expressly for the Enctclopjidia Metbopomtana. The author's 
engagements, as ABtronomer Eoyal, leaving him little leisure, he 
was unable to make those amendments in the work that were 
i-eqiiired by the plan of the Eevisod Edition of the EncrcLOP^DiA. 
The Treatise was therefore placed in the competent hands of Pro- 
fessor Blackbuen ; who, in superintending its passing through the 
press, has added questions, and made such other improvements as, 
it is hoped, will render it more suitable both for a class book and 
for private study. 
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TEIGONOMETET. 



Teigonometkt i^^iymmfiet^ia, from r^iyaioi, a triaiiele, and laifiu, 
I measure), the science of triangles, the branch of mathematics 
which treats of thD application of arithmetic to geometry. The 
term was originally restricted to signify the science which gives the 
relation of the parts of triangles deacrihed on a plane or spherical 
surface ; but it is now understood to comprehend all theorems re- 
spectmg the properties of angles and circular arcs, and the lines 
helonging to them. This latter department is frequently called the 
arithmetic of sines. 

In the application of mathematics to physics, no branch is more 
important than trigonometry. It is the connecting link by which 
we are enabled to combine, in their fullest esfcent, the praoti«d 
exactness of arithmetical calculations with the hypothetical accuracy 
of geometrical constructions. Without it, the former conld never 
have been applied to physics, and the limit of the errors of the latter 
would have depended on the skill of the practical geometer. By the 
substitution of numerical calculationa for graphicd constructions, we 
are enabled to obtain results to any desired degree of accuracy. With 
trigonometry, in fact, astronomy first received such a degree of exact- 
ness as justly to merit the name of science ; and every improvement 
that has been made in trigonometry to the present time, has been 
attended with corresponding improvements in all parts of physical 

The following will be the arrangement of the present treatise : — 
The first section will contain the definitions of the terms most fre- 
quently in use ; in the second will be given the principal theorems 
relatii^ to trigonometrical lin^ ; the third will explain the use of 
subsidiary angles ; the fourth will contain all the most important 
propositions of plane trigonometry ; the fifth, those of spherical geo- 
metry ; and the sixth, those of spherical trigonometry. In the 
seventh will be given forraulie for small corresponding variations of 
the parts of triangles ; and the eighth will contain some theorems 
which require for their investigation a more refined analysis. The 
ninth will treat of some expressions peculiar to geodetic operations ; 
and the tenth will explain the construction of trigonometrical tables. 
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SECTION I. 

DEFINITIONS. 

(1,) IjET AB (fig. 1) lie a eii-iiular arc, of whioli C is the centre, 
and let C A, C B be joined. The arc A B is 
proportional to the angle A C B, and either of 
!se can therefore be used 88 the measiire of the 
I other, provided the arc A B is less than half the 
I circumference, or the angle A C B less than two 
right angles. Since this holds with regard to 
all the angles of triangles, we shall, in treating oi 
them, use indifferently the terms arc and angle 
»''K- '- to express the inclination of two lines. 

(2.) But in the higher parts of the science it is by no means a 
mattei- of indifference which term we employ. It is evident that an 
arc can be conceived to exceed, not only half a circumference, but 
even a whole circumference, or any number of circumferences ; while 
an ai^le cannot be greater than two right angles. Much obscurity 
has frequently arisen from neglecting to obsei-ve, that when we speak 
of an angle greater tban two right angles, we mean merely an arc 
^eater than half a cireumferenoe ; and that, when we consider trigo- 
nometrical lines as functions of such an angle, we intend nothing 
moi-e than that they are ftmetions of the corresponding arc of a 
circle. The reader, therefore, will be careful to recollect, that all 
trigonometrical lines are considered to be functions of the circular 
arc to which they con-espond, the radius being given ; and that there 
is no limit whatever to the estension of this arc. 

(8.) The circumference of the circle has usually been divided into 
860 equal parts, called degrees; each of these subdivided into 60, 
called mmutea ; each of these iato 60, ciJled seconds ; the seconds are 
sometimes divided each into 60 (ftWs,the thirds into GOfowths,&c., 
but they are more usually divided decimally. But in most of the 
French treatises lately published the circumference is c^vided into 
400 equal parts, or grades, each grade iato 100 minutes, and each 
minute into 100 seconds. Degrees, minutes, and seconds are com- 
monly marked °, ', "; grades and their subdivisions sometimes thus, 
', ', '\ Thus, 38" 17' 22" is read thirty-eight degrees, seventeen 
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DEFWITrOIfS. 3 

mmutes, tweaty-two seconds ; i4? 76' 27", or 44^,7627, is forty-four 
grades, seventy-six grade-minutes, twenty-seven grade-seconds. 

(4.) In most of the following investigations we shaE consider the 
radius of the circle as the unit of linear measure. The serDi-cireum- 
ference is then = 3,141592653590 ; its logarithm = 0,4971498726 ; 
one degree = 0,017453292520; one minute = 0,000290888209; one 
second = 0,000004848137 ; their logarithms increased by 10 are 
8,2418773675 ; 6,4637261171 ; and 4,6855748667. One grade = 
0,0157079632679 ; its logarithm increased hy 10 = 8,1961198769 ; 
from which the values for a grade-minute and grade-second are im- 
mediately found. The numher of degrees contained in the radius is 
57^9577 ; the number of grades is 63,66197. The valae of the 

semi-drcumferenee to radius 1 

therefore the value of the quadrant, 
ferenoe. 

(5.) The defect of an arc from 180° is called its supplement; its 
defect ftom 90° is called its complement. 

(6.) Join A B (fig. 2) ; draw B D and C F perpendicular to A C ; 
at A and F draw lines touching the circle, which e 
will therefore be parallel to C F, C A ; produce 
C B to cut these lines in E and G. Then A B 
is the c^orrf of the are A B, B D is the siVw, C D 
is the cosine, A E is the tcmgeiit, C E is the secant, 
I' G- is the cotangent, C G the cosecant, A D the 
versed sine. D H has been called by some the 
suv&'sed sine. 

(7.) These definitions suppose the arc to be 
less than a quadrant. If it he greater than a"^! 
quadrant and less than a semicircle, as A B', the *' 

same construction gives for the sine, versed sine, cosecant, cosine, 
tangent, secant, and cotangent, the lines B D', A IK, C G', C D", A E', 
C E', F G'. The four last of these, it will be observed, are measured 
in directions opposite to those in which the corresponding lines for 
ares less than a quadrant were measured, and m'o therefore considered 
n^ative.* We shall show that, by this convention, formulae which 
have been found to be true for arcs less than a quadraat, may be 
made to apply to arcs greater than a quadrant. 

(8.) If the arc he greater than two quadrants, and less than three, 
as AFHB" (fig. 3), making the same construction, we find that the 
sine, cosine, secant, and cosecant are negative. And if the arc be 
greater than, three quadrants, and less than four, as AFHB'", it 
appears that tiie sine, tangent, cotangent, and cosecant are negative. 
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4 DBTIMITIONa. 

The remark at the end of (7) appUes to these. The versed sine and 

suversed sine are positive for all values of the arc. 

9.) Thus it appears that, while the arc increases from to a 
quadrant, the sine increases fi^sm to radius (its 
greatest value,) and the cosine diminishes from 
radius (its greatest value) to 0. Wlule the arc 
reases to a semicircle, the sine diminishes to 
; and the cosine, whose sign is now negative, 
increases in magnitude till it := — radius. As 
the arc increases to three quadrants, the sine is 
negative, and its magnitude increases from till 
it ^ — radius ; while the negative value of the 
cosine diminishes till it ^ 0. From three quad- 
rants to four, the sine, still negative, diminishes 
its negative valne till it = ; while the cosine, 
become positive, increases till it is ^ radius, as 

(10.) The tangent, while the arc increases from till it is -^, 

increases so as to become greater than any assigned quantity ; when 

the arc = -^, or , there is really no tangent, as the lines, by 

whose intersection the tangent is defined, do not meet ; then, until 
the arc ^ tr, the tangent is negative, and diminishes irom a value 
indefinitely great to ; then, for the third and fom^h quadrants the 
values are the same as for the first and second. And the secant, 

whde the are increases from to — , ineifeases from radius to a value 

greater than any assignable ; it then becomes negative, and dimin- 
ishes irom a value indefinitely great to radius, which it reaches when 
the arc ^ T- for the third and fourth quadrants its values are the 
same as for the first and second, with the sign changed. 

(11.) If the arc, instead of being ^ A B, were = A B increased 
by any number of whole circumferences, the values of the several 
trigonometrieaJ lines would be the same as those for the are A B. 

(12.) The definitions of the complement and supplement, without 
some Kctension, wiU not apply to arcs greater than 90° or 180" re- 
spectively. It is only necessary to consider the defect of the arc 
from 90° or 180° as being negative when the arc is greater than 
either of those values ; and all the theorems relating to these defects 
win be comprehended under the same formula. 

(.13.) Smce we have considered positive arcs as measured from A 
towards I", wo may consider negative arcs as measured in the opposite 
direction. Let A B, AB' (fig. 4) be equal arcs, positive and nega- 
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DEFIHITIONS. '> 

tive ; their sinea B D, B' D will evidently be in the same straight 
hue; AE' = AE, FG' = PG, CE' = CE, CG-=:CG. Hence, 
for a negative arc, the cosine, versed sine, and secant, are the same 
as those for an equal positive arc ; the sine, tangent, cotangent, and 
cosecant are equal in respect of magnitude, but 
are affected with different signs. Our figure sup- 
poses A B less than a quadrant, but it will be seen 
that the same is true if AB be greater than a 
qoadrant. 

(14.) The whole of what we have assumed*^ 
with regard to the signs to be affixed to the ex- 
pressions for lines according to their directions, 
is purely arbitrary. Its utility is tliis ; — A sin; " 
formula, as we shall show by induction, will n 
comprehend several cases for which as many 
separate formulffi would otherwise 1 



-\ C. F 



J been necessary. This, i 



tive sign. 



1 all cases the true fovmdation for the use of the nega- 



Examples to Section J. 

1. Convert 25^ 36' 27" into d^rees, minutes, and seconds. 

2. rind the length in inches of the arc of 12° 15' 10", when the 
radius of the circle is 8 feet. 

3. In the same circle, what is the number of degrees, minutes, and 
seconds in an arc of the length of a foot. 

4. Show how the cotangent, cosecant, and versed sine vai-y in 
sign and magnitude, as the are increases from to 2 57. 

5. Show, ill each case, that the sign of the cosine, cotangent, or 
cosecant is the same as is given by considering them, respectively, as 
the sine, tangent, or secant of the complement. 

6. Express the sines, &o., of the arcs— ^ A, t- -]- A, + A, 

2 » — A, by means of the sine, cosine, &e,, of the arc A. 
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RELATIONS OF TRIGONOMETEICAL LINES. 

(15.) In the succeeding articles we shall use the ahbrevktions Sin, 
Cos, Tan, See, Cot, Coseo, Vers, to denote the sine, cosine, &o., to 
the radius B ; and sin, cos, &c., to denote them supposing^ the radius 
= 1. 

(16.) If C K L he drawn perpendicular to A B (fig. 5,) A K = 
K K B, the angle A C K = B C K, and the arc A L 

=:BL, therefore AB = 2.AK. But A K is 
evidently the sine of AL, or I AB. And tiie 
straight line A B is the chord of the arc A B. 

Chord AB = 2. Sin ^, 

AB 

chord AB = 2 sm --g^. 

(17.) AD=:AC— CD, or 

Vei-B A B = R — Cos A B, 
and therefore vers A B = 1 — cos A B. 

By the convention estabhshed with regard to signs, it will be found 
that this equation apphes to arcs terminated in alt quadrants of the 

(18.) Bj similar triangles (Eudul, vi. 4,) AE = - - — , 

„ R . Sin A B 
or TanAB 

and tan A B = 

(19.) By similar triangles, F G = 

Cot A I 





cotAB=^^-|. 
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EELATIOKS 01 TEIQOHOMETEICiL LTNBS- 

(20.) Multiplying together these expr^sions, 
Tan A B X Cot A B = &, 
md tan A B . eot A B ^ 1. 

(21.) By similar triangles, C E ^ ■ 



(22.) By similar triangles, C G : 



CD 



OS AB" 
C F X C B 



~ Siii A B' 

and cosec A B ^ -: — r^j;. 

sin AB 

(23.) Suppose HB' = AB; then AB'.or 180= — HB'.is the 
supplement of A B. And B' B' = B D, C D' = C D, A E' = A E, 
C E' = E, E G' = P G, C G' = C G, A D = H D'. Hence the 
sine and cosecant of any arc are the same as those of its supplement; 
the cosine, tangent, cotangent, and secant are equal in magnitude, 
with different signs ; and the versed sine of one is the suversed sine 
of the other. 

(24.) If AJ = FE (fig. 6,)and6<?, Ces', tw drawn as before, it 
is plain that 6d=:CD, Cd = BD, Ae = 
FG,FsF = AE,Ce = CG,C,9 = CE. But -- 
bd,Gd,Ae,'Pg,Ce,Cg, are the sine, cosine, ^ 
tangent, cotangent, secant, and cosecant of 
A 6 or BF; and BF is the complement of 
A B. Hence the sine, cosine, tangent, co- ' 
tangent, secant, and cosecant of the comple- 
ment of aji are, are respectively equal to the 
cosine, sine, cotangent, tangent, cosecant, and 
secant of the arc. ''"'e. «■ 

(25.) All these theorems have been proved for area less than a 
quadrant. If, however, we make use of the convention establisbetl 
with regard to signs, it will be found that they apply to every case. 
For example, when the arc, as AFHB'", fig. 3, is greater than three 
quadrants, and less than four, the sine is negative, the cosine is posi- 



e negative ; which, from the figurej it appears to be. The magni- 
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Sin A B = 



[.INES. 

tude is detemilned by the same proportion as before, and cannot be 
The aeoant := — r- — (21) oug'ht to be positive; and 

as they are found 

to be. The same, it will be found, is true for every other case. 

(26.) By similar triangles the following proportions will easily be 
verified. Radius : Sin A B : ; Sec A B : Taa A B ; therefore 
R . Tan AB 
" " Sec AB ' 

, . , ^, tan A B 

snd sm A E =: -^- . 

snQ AB 
"Kadius : Cos A B : : Cosec A B : : Cot A B ; therefore 
_ .^ E.CotAB 

Cos AB = -t: — =-, 

Coaee A B 

cot A B 

and cos A B = — =j. 

cosec A B 

(27.) Since (Sec A B)' = R' + (Tan A B)^ (Euelid, i. 47,) or 
sec'AB=:l + tan'AB, andeoseo^ AB^l + cot^AB, wemay thus 
expre^ these values: 

■ AB-- tanAE V(see°AB — 1) 

^''^ V(l + tan^AB)" seoAB ' 

cotAB _ V(coscc -A B — 1) 

•^ V(l+cot^AB)-"""^secAB ' 

And the equations of ("21) and (22) may be thus expressed : 



V(l + tan^AB)' 

.^AB^ I 

V(l + co'u^AB)- 

(28.) Ill the same way, observing that sin^ A B + cos^ A B = 1, 
we find from (18) and (19), 

... .T.__._.«£'A?_„_-^^--^AB), 



cot A B = - 



, B) cos A B 

s A B _ V(l — sin'AB) 



V(l — cos=AB) sinAB 

These are the principal fomuilas of the relations of trigonometrical 
lines belonging to one arc. 

(29.) We proceed to one of the most important propositions of 
trigonometry. To find the sine and cosine of the sum and difference 
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of two ares in terms of the sine and cosine of tlie simple ares. Let 

AB (%. 7) be the longerarc = A; BE = BE = B; then AE 

= A + B, AF = A — B. Draw E G, 

FG, perpendicular to C B, which will meet 

at Q and be in the same str^ght line, and 

will be equal ; also draw B D, E H, F K, *>— i 

GL, perpendicular to AC; and GM, FN, [j [ 

perpendicular to E H, GL. '^" " 

ThenEHorGL + EM=:sin(A+B); 

FKorGL — GN = sin(A — B); 

CHorCL — GM = eos(A+B); 

CKorCL + PN' = cos(A — B). 
Now the angle E G M = 90° — M G C F'b. i. 

= CGL=CBD; alsoEMGandCDBareright angles, there- 
fore the trianglesEGM, BCD, are similar; and CB : CD : : EG ; E,M 

or Radius : Cos A ^ : Sin B : EM = ^Sl^J^^^ = GN. 
AndCE:BD::EG:GM. 

or Radius : Sin A : : Sm B : G M = ?1^^A^J ^ F N. 




AlsoCB :BD:; CG : GL: 



B D . C G Sin A , Cos B 



Substituting these values. 
Sin (A + B) = 

Sin(A — B)=' 

Cos (A + B) =' 

Cos(A — E) = 



Sin A 


Cos B + Cos A . Sin E 


SmA 


R 

Cos B — Cos A . Sin B 


Cos A 


R 

Cos B — Sin A . Sin B 



Cos A . Cos B + Sin A . Sin 
E 



Or, if the radius be the unit of meas-ure, 

sin (A + B) = sin A . cos B + cos A . si 
sin (A — B) = sin A , ccs B — cos A . si 
cos (A + B) = cos A . cos B — sin A . si 
cos ( A — B) = cos A , cos B + sin A . sin B. 
(30.) It is here supposed that A is greater than B, and that A is 
less than 90°. If these conditions should not hold, it would still be 
found that, by virtue of our conventions with regard to the signs of 
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arcs and straight lines, the same formulEe would apply. We shall 
leave it to the reader to examine in this maancr every distinct ease, 
and shall, merely as an example, suppose 
A greater than 180°, E greater than 90°. 
Let AFB' (%8) = A; B'E' = B'F 
= B. Make the same construction in 
every respect as before; thenE'H'^E'M' 

c D' . E' G- _ irr>' . C G^ 

C B' C B * 

But, by (7) and (8), since A F B' E' = 

A + B, E' H' is = — Sin (A + B) ; 

CD'= — Cos A; E'G' = SinB; B' D' 

ng. 8. = — Sin A; C G' = — Cos B ; thus the 

CosA.SinB — SinA.CosB 




~G'L = 



equation becomes — Sin (A + B) = 

_ Sin A . Cos B + Cos A . Sin B 



or Sin (A + B) = 



the SI 






arcs less than 90°. And the same will be found to he true for every 
different case. 

(31.) From these expressions, 

sin(A+B)+sin(A — B) = 2sin A.eosB, 
sin (A + B) — sin (A — E) = 2 cos A . sin B, 
cos (A + B) + cos (A — B) = 2 cos A . eos E, 
cos (A — B) — cos (A + B) = 2 sin A . sin B. 
= C; A- 



tt D = 2 sin 



(32.) Let A + B = 
sin C 4- si 
sinC — s 
cos C + cos B = 2 c 
cos D — cos C = 2 s. 



; =D ; then 
C + D C- 



D 



-D C — D 

j-.eos— ^— , 

- D . C— D 






v^^^ 
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If in tLese values we put V 1 — siti^ 2 A for cos 2 A, 



--VC--^^^^) 



= ^{VH-am2A~'v/r= 



ciisA = i(Vl + an2A + VI — !iii2A). 
(34.) Again, cot A + tim A = 21^ + '-^ = m' A + s 



larly, cot A — tan A = — ; =: —:- „ . = 2 

sin A . cos A sm 2 A 

{3S.) Since sin A=-\/ izZ^°'J-^,andcos A='y/^ 

we have sio A . / 1 — cos 2 A 



Hence cos 2 A = 



+ cos 2 A 
1 — tan^ A 
r+'tan'A" 






^ ■' >/il + tm^Ay v'(l + tan=A) 

by (27), sin 2 A ^ 2 sin A . cos A ^ -,-4^^^- 
14- tan^ A 

,„„^ 1 — cos2A 2sin=A sin A ^ . 

(37.) — ;-- ;r-.— = TT-- — r— r = - — .- = taa A. 



Similarly, t—, —r = tan A. 

-"1 + cos 2 A 

(38.) From (31,) sin (A + B) ^2 sin A. cos B — sin (A — B.) 
LetA = nB;thensin(» + l)E = 2sinmB.eosB — sin(n— 1)B. 
Making n sneeessively = 2, 3, &c., wc form the following table ; 
sin B = sinB, 
sin 2 B = 2 sin B . cos B, 
sin3B = 3sinB — 4sin=B, 
sin 4 B = (4 sin B — 8 sin= B) cos B, 
sin 5 B = 5 sin B — 20 sin^ B + 16 sin" B, 
&c. &c. 

Again, from (31,) cos (A + B) = 2 cos A . cos B — cos (A — B.) 
LetA = «B,thencos(» + l)B = 2cos«B.cosB — eos(« — 1)B. 
Making n successively ^^ 2, 3, &c. 
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COS 4 B = 8 COB* B — 8 cos^ B + 1, 
COS 5 B = 16 cos' B — 20 cos' B -f 5 cos B, 
&c. &c. 

(30.) By putting A + E for A, and A — B for B in (31,) 
in (A 4- B) . sin (A — B) = * (cos 2 B ~ cos 2 A) 

I (1 ~ 2 sin= B — 1+ 2 sin= A) by (J 



And COS (A + B) . cos (A — B) = i (cos 2 B + cos 2 A) 
= 1(1- - - - - 



= siii= A — sin= B, or = cos= B — eos^ A. 
a 2 A) 
+ 2c( 

=cos'A— siii''B,or=cos'B — sin^A, 

sjn (A + B) __ sin A . cos B+ c os A .sjn B _ tan A + tan B 

■■' sin(A— B)"^sinA.cosB"CosA.sinB~tanA — tanE' 

cotB + eotA , . ., , cos(A+B) cotB — tanA 

= cot B -^^ ' ^"^ ^"'^^y' ^sTa^TB) = ^^t^+uVA' 

cot a — tan B 
"" cot A + tail B 



^ 2cos^+-^ ■ 
A+E A— B 



sinA.sinB sin A.cosB-hcos A.sinB 
(42.) ta„A+tanB = ^^ + ^^ = co.A.co^B— 

= c^. rrcS- '^"=^'^^-'^' *^ ^ - *- - = I^'rcovi '' 

cot A + cot E^^^-^^^^; cotB — cotA = ^!^^T ^. 

(43.) To find an expression for the tangent of the siim or difference 
sin(A + B) sinA.cosB + cosA.sinB 

oftwo arcs: tan (A + B)= ;. ,J = ", 5 ^H- ■ t-< 

^ eos(A + B) cosA.eosB — sinA.smJj 

which, dividing the numerator and denominator by cos A . cos B, and 
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obaerving that = tan A, gives tan (A 4- E) 

Sm,il„ly, tan (A ~ B) = j^^^j- 
ItB = A,t.n2A = ^^;i?A,. 
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tan A + tan B 



(44.) Hence, tan (A + B + C) = 



tan (A + B) + tan C 



1 (A + Bj . tan C 
tan A + tan B + tan B ^ tan A . tan B . tan C 



L — tan A . tan B 
If C = B = A, tan 3 A 



tan A . tan C — tan B . tan C" 
tan A — tan.' A 



- 3 taii^ A 

0, (10;) hence in that 



If A + B + C = ir, tan (A + B + C) 
case we have this remarkable equation, 

tan A + tan B + tan C = tan A . tan B . tan C. 
(45.) These are the most important relations that subsist generally 
between different arcs. As there are some which depend upon the 
numerical espression fnr the lines belonging to particular ares, we 
^iiall proceed to investigate their values. 

(46.) Let B C D (fig. 9) be half a right angle, or A B = 45' 
;hen the angle C B D = half a right angle = B C D, 
;herefore B D = C D, therefore 1 = sin= ^ + coe'-^- 



= 2 : 



i' -r, therefore sin — - = 
4 4 

= l = cot-T-; aec-7- — V2; 



V3 




(47.) Let AE = 60° = — ; then, since the 3um 

if the three angles of the triangle A C E = two right angles = 180°, 
he simi of those at A and E = 120°; and, as they are equal, each 

= 60° = -^ ; therefore the triangle is equilateral, and C F = A F 
Iencecos- = ^;sm- = y l-- = -^;tang-=V3; 

' 8 -V3' 3 " 3 V3* 

(48.) Let AG = 36° = 



; then the complement of AG- 
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= 54° ^ 3 X 18° ; therefore (24), sin 2X18" = eos (3 X 18°), or 
2 . sin 18° eos 18° = 4 cos= 18 — 3 cos 18°, by (38) ; or, dividing by 
cos 18°, 2 sin 18° = 4 cos' 18° — 3. Let sin 18° = a; ; therefore 
2x^1 — 4 a^, from the solution of which equation, 

— 1 + V"5 
X or sin 18° = T^ = cos 72° ; 



(49.) Prom these values, 
sin (45° -i- A) = sin 45° . coa A + ■ 




l + tanA 
from which tan (45" i- A) ^tan (45° — ■*-)=, "731 — TT" 
Also, sin (60° + A) — sin (60° — A) = 2 eos 60°. sin A = siii A. An 
sin (72° + A) — sin (72° — A) = 2 cos 72° . sin A = ~~ - ein A 

aia (3S° + A) — sui (36° — A) = 2 cos 36° . sin A = :^:^!±i sin J 

Subtracting the upper from the lower, and transposing 

fiin (36°+A)+sin(72°— A) =sin A+sin(36°— A)+sin (72°+A: 

If we had taken cos (72° + A) + cos (72° — A) , &c., we should ha\ 

found 

cos (36°+A)+eos(36° -A)=cosA+cos(72°+A)+eo8(72°~A 

(50.) These are the principal formulse of the arithmetic of sine 
Many of them may be proved geometrically, but we have preferri 
the algebraical investigations, as less cumbrous, and not less sati 
factory. 

(51.) The values of the trigonometrical lines which have occurs 
in these theorems (the numerical calculation of which we shall tre 
of hereafter), for diffei-ent arcs, have, with their logarithms, been cc 
lected in tables. The sines, tangents, &a., tliemselves are very seldc 
used, almost all calculations being now conducted by means of th( 
logai-itbms. With regard to these it is necessary to observe, th 
the sines and cosines of all arcs, and the tangents of arcs less th 
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45°, being less than 1, their logarithms are negative; the use of 
which would be estremely inconvenient. To avoid this, the logar- 
ithms of the tables are made greater by 10 than the real logarithms 
of the numbers ; which it is always necessary to keep in mijid in 
using the tables. For instance (using 1 for the true logarithm, and 

L for the logarithm of the tables), since tan A = j, therefore 

1 . tan A = 1 . sin A — 1 . cos A, therefore L . tan A — 10 
= LsinA— 10 — Lco6A+10,orLtanA=^LsinA— LcosA + 10. 
The natural sines, &c., are usnally ^ven to radius 10000, but upon 
removing the decimal point four places to the left they are adapted 
to radius 1. 

(52.) In all expressions involving the length of an are, deduced 
from operations by the differential calculus, or from series b terms 
of the suies, &e,, radius is supposed to be the unit of measure. 
To obtain the number of seconds, we must divide the length by 
0,000004848137; or add to its logarithm 5,3144251 to find the 
logarithm of the number of seconds. 

Examples to Seclion II. 

1. Show how the equation of (17) applies for values of the arc 
greater than — . 

2. Show that the variations in sign and magnitude of the secant 
found from the formula (21) agree with those found from geometrical 
considerations in (10). 

3. If cos A be given, sin A may be found from the equation 
sin^ A + cos' A = 1, (28). Give the geometrical interpretation of 
the two values of the sine so found. 

4. Each of the square roots in the last formula of (33) implies a 
double sign ; explain which of these signs must be taken for different 
values of the angle A. 

5. Apply the equation of (44) to find tan A, when tan 3 A = 1. 
Give the geometrical interpretation of the three roots of the equation. 

6. Find cos 18° from Euclid iv. 10. 

7. Find the sine and cosine of 9° and its m'jltiples. 
If A, B, and C are angles of a triangle, prove 

8. That oob' a + eos= B + cos' C + 2 cos A . cos B . cos C = 1. 



2' 



9. That cot ^ + cot -^ + cot — = cot — - . cot — . cot 

10. That cot A . cot B + cot B . cot C + cot C . cot A ^ 1. 

11. Prove that tan {^5" -j- ^\ + cot (^45° + --^ = 2 see A. 
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SECTION III. 

ON THE USE OF SUBSIDIARY ANGLES. 

(63.) The possession of trigonometrical tables, ready calculated, fre- 
quently enables us to shorten very much numerical calculations 
which have no relation whatever to trigonometry. The angles 
which are iised in this process, being employed simply to expedite 
a calculation, are called suMdiary angks. Their use will be best 
elucidated by examples. 

(54.) Suppose it is wished to calculate x = v'a? — h', and suppose 
that the logarithms of a and b have aheady occiuTed in our opera- 
tions. Here x — a \/ 1 — -j. If — were the sine of an angle #, 
X would be a X cos ^. Determine i therefore by the condition 
— — sin", or L sin a = log 6 + 10 — logo (51), and having found S 
in the tables, x will be found from the expression 
log X =: log a + L cos f ■ — 10. 

(55.) It is required to calculate the expression x — a.cos<l> + 

h . sin <P. If we make —r- ^= tan ", this can he put under the form 

6 , 6.sin(f+?') 
i(tan*.cosji+sin<p)= — rCsinil.cosSi+costf.sm?) = -J—^- 

Determine S by the equation L tan ^ = log a + 10 ^ log 6, 

and then log lc — log 6 + L sin (" + ^) — L cos «, 

or ^ log 6 + L sin (fl + «) + L sec « — 20. 

(56.) It is required to find the logarithm of a + 6, the logarithms 
of a and b being known. 
If a and h are of such a nature that both are in all oases positive, 

make — = tan' «, or 2 L tan * = log 6 +.log 20 — log a ; 
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If, however, a and b may be aometimes positive and sometimes nega- 
tive, tlie foUowing method must be used : 



Let -T- = tan 5, or li tan i — log a -{-10 — log 1/ ; 
then a + i = v^ . 6 (tan rf . cos 45° + sin 45^) 

and log (a + 6) = ,1505150 + lo^ S + L sin (C + 45'^) — L ci 

(57.) In physical astronomy the following expression i 
P = (1 + e') . (1 + ^') . (1 + e'") . &e., where 



i-vr+e= 

Let e ^ sin *; 

1_V"1— 



then*/l— ^=cosfl;^- =.-=■= — ■, , ,_ uoji --j j. , k ^sv;u — . 

1 + Vl— e" l+eos* 2' 2 

Similarly, make ^ or tan' — = sin ff; and 1 + ^' = sec' -^, &c. 
Hence, IogP^2 (L sec — + L sec — + &c. — 10 — 10— &e.) 
This coHi^tation would he almost impracticable in any other way. 

(68.) The roots of the quadratic a? — p x — 9 = 0, being 



= by (.S7) — V^5 . tan -^ and V f? - cot -k- 
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Therootsofa;^— i>ic + 5 = 0, being -|- A + -\/l — i|^, let 
—1=8111° A and the roots are -^(l+coB^) =p . coe,' -^ saA v . bui? —. 
(59.) The possible root of the euhio a' — ga:^T = Ois 

iict -7—3- ^= eoseo' ff, 

Let ■\/ t;in — — tan 0, 

the root = \/ ^ (cot p + tan (P) = v/ ^ cosec 2 -P. 
If -^ lie greater tlian — , let x be assumed = a cos ^, or — = cos « ; 
then COS 3 « = ^ ^, by (38), 

4 4 ~ ' 

maliing this coincide with the given equation, —r- =iq, — cos S^ = r, 

which determine o and ^; and « cos ^, or a;, is then immediately foimd. 
The equation wiU dso be satisfied by malting 

for these give a!''' 7- a equal to -— cos (3 i* + 2 if) and 

~ cos (3 ^ -f 4 ^), wliieh by (11) are each equal to -^ cos 3 e. 
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Examples to Section HI. 

1. Find all the values of a; which satisfy the equation, 

oaina^ + ficosa^^c. 

2. Show how to calculate x= V0 + 6+ "J a — 6 by the help of 
ogarithinic tables. 

3. Solve the equations, a^ — 3a; + l— 0. 

a^ — 7a; + 6 = 0. 
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PLANE lEIGONOMETEY. 



(60.) A TElAKaiB consists of six parts, viz., three sides and three 
angles ; and if any threB of these be given, the triangle is completely 
defined. The ease must be excepted in which the three angles are 
given ; as then tlie proportion only of the sid^ eaji be found, the 
absolute magnitudes i-emaining unknown. To detei-mine in numbei- 
the values of thrco parts from those of three given parts, is the 
special object of plane trigonometry. 

(61 .) Suppose the triangle right-angled, let a and 6 be the sides 
A containing the right angle, c the third 
side. A, B, C the angles opposite 
(fig. 10) . If the hypotenuse and the 
angle B be given, describe a circle 
D B to radius 1; draw D P and E G 
perpendicnlar to BC; then DF is 
siuB,BPiscosB,EG-istanB. And 
AB:BC::DBiBF,orCirt::l:cosB, 



BC:CA;:EE:EG,o 



Also AB: AC-:, 
therefore 

And the angle 

(62.) If (i and E 
therefore 
And B C ; B A : : 



If b and B be given, 
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3.) Tf a and c be given. 



tan B = - - = cot A. 

(64.) Now, suppose the triangle to be any whatever, we shall first 
prove this general proposition :— The eldes of a triangle are in the 
same proportion as the sines of the angles opposite. In figs. 11 and 




12 draw ED a perpendicular from Bon AC, or AC produced; then 
B D = A B sin A (61), and B D also = C B . sin BOA, whether BC A 
be greater or less than 90° (23) ; therefore A B . sin A ^ C B . sin B C A, 
or A B : C B : : sin B C A : Bin B A C. 

(65.) Suppose the three sides of a triangle given, io find the 
angles. In fig. 11, B A»= BC'+C A=— 2 AC . C D (Evclidii. 13); 
infig. 12, BA' = BC" + CA' + 2AC.CD(i:acftaii. 12). Now 
in the former ease, by (61), C D = B C . cos C ; in ' " 
C D = B C . eos («■ — C) = — B C cos C (23) ; therefon 
A B' = B C' -1- C A= — 2 A C . B C . cos C, or 

c'^a' + i" — 2a5.cosC. 

Hence cos L = — - — — . 

This formula is very inconvenient for logarithmic computation 
(66.) Bv (33) we have 



1 the latter, 
i, generally, 



+ & + C /a + h + c 



^(a + h + c).(a + b~c)_ 



:=s, therefore 
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Also (33), 


1 — cos C, or 2 


-4=' 


f-{a-i)' 
lab 


(' 


, + a-b).io~a 


+ S) „ 


(*-i).(,-.) 




2ab 




at 




.\n^ ^ ( 


.-S),(. 


-o) 


Dividing tli 


2 
is by the last. 


a6 

:.-6).(. 


-0) 




«•("— 


^) 


Multiplying 


tke product of sii 


.4-0 


04... ..0 


..»«-... 


^ (33), 








.-...n *■•■(•- 


-«).{.- 


6) . (s — c\ 



All these expreasions, but more parldcalat'ly the second, are Tery con- 
venient fiji" the application of logarithms. If two or three angles 

were required, the formula for tan^ -^ would probably be most con- 
venient, as the same numbers would be used for the three calcula- 
tions ; or when one angle is found, the theorem of (64) may be 
applied. 

(67.) From the last expression we derive the formula for tlio area 
of a tr^ngle in terms of the sides. For 
CA.BD 



tbe area = —^— = -y— = V* . (a - «) . (. - 6) . (s - c), 
(68.) Suppose now two sides and the angle they contain (a, 5, C) 
to be given, to find tho other angles. By (64), — ■ ^ = -r , 
^, „ si n A + sin B «+6 

, A+B 

2"- « + 6 
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-,=tan(« — 45°), 
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A + B T C 

Now A + B + C = sTj therefore — ; — = -^ r-. 

A + B C 

therefore, by (24), tan — ^ — =cot-2-, 

A — B a — b ^ 
and tkerefore tan — x— = -^r~, "ot — - 

When the logarithms of a and h are known, the operation is facili- 
tated thus : Let -^r- T= tan ^, therefore 
b 

a — 6_tanfl — 1_ tan fl — tan 45° 
a+6^tanS+l^l + tan S . tan 45' 

and tan — -^— = tan (fl — 45°) . cot ~t-. 

Or thus, if b be less than a, let — ;= eos ip, 

,, a — 6 1 — COS? , 5 'P ,„, 

*'*^ ^+-b = ITW^ = *"" -2 f^"^' 

- ^ A — E , ,<r . C 

and tan — p — - :^tan — cot -^ 

Then - — and — - — being known, tiieir sum gives the value of 

A, and their difference that of B. The iJiird side may l>e found by 
the proportion of (64). 

(69.) Sometimes, however, it is desirable to find the third side 
without finding the two remaining angles. In this case, by (fJS), 
c" = a= + &' — 2 a & cos C - o' + 2 a 6 + &= — 2 a 6 (1 + COB CJ 
4a6 „ C ) 



c" = o^— 2a& + 6' + 2«i(l — eosC) 



(a- 

:tan*, thenc=(a — &) . 



^ 4a6 . „ 

*(<.-i.)'"»-2- 
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Let— ^t! 

All these are easily calculated by logarithms. 

(70.) If two sides and an angle opposite one of them (a, 6, A) be 
given, the angle B is found by the proportion, 

a:6:;siiiA:sinB(64); 
then c = ^ — A — B, 

and a-.C:: sin A : sin 0. 

(71.) If 0, A, B he given, C =: it — A — B; and the three angles 
and one side being known, the other sides are easily found by (64), 

(72.) If A, B, a be given, 

C=:^ — A — B, and 6tt' ''.^"'-'^ ,c= -•"-"-■ 
sin A sin A 

These forms comprehend all the oases of plane trigonometry. 

(73.) In using these formulfe we must, however, observe, that we 
shall in certain cases arrive at results, the meaning of which is 
apparently doubtful. These are called the ambigaous cases. We 
proceed to distinguish those in which the ambiguity is apparent, 
from those in which it is real. 

(74.) First, then, we may observe, that the lengths of lines de- 
termined by the formuls! above, since they are the results of simple 
multiplication and division, and are not given by the solution of 
quadratic equations, aro perfectly free from ambiguity. 

(75.) In the nest place, an angle when determined by the value of 
its cosine, versed sine, tangent, cotangent, or secant, is not am- 
biguous. For the values of the tangent and cotangent, which 
correspond to the arc A, correspond also to the arc «- + A (10) and 
to no smaller arc ; the v<duea of the cosine, versed sine, and seea,nfc, 
belong to the arc 2 t — A, and to no smaller arc, by (9) and (10) ; 
and these being greater than ^, or 180", cannot be used in calcula^ 
tions of triangles. 

(76,) But if an angle be determined by the value of its sine or 
cosecant, since these by (23) belong equally to the arc A and a- — A, 
both of which, when the, sine is positive, are less than =-, the value of 
the arc is apparently doubtful. We will examine every case in which 
these expressions are found. 
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(77.) In right-angl^triang'les the angles must be less than—, and 
there is therefore no ambiguity. When the angle C in (66) is found 
by the expression for sin -^, since C must be less than n-, — must 
be less than — , and there is no ainbiguity. If found by the ex- 
pression for sin C, it must be observed that C is greater or less than 
-^, according as c^ is greater or less than a^ + 6^. In the ease of 

two sides and an angle opposite one being ^ven (70), if rt be greater 
than h, there is no ambiguity ; for in the triangle A C B (flg. 13) the 

angle B must be less than A, and must therefore be less tlian -^i 
(as if A be greater than -^, sin B being less than sin A, of the arcs 





corresponding to it one is less than — , the other greater than A). 
But if a be less than 5, the aagle A being less than -^, (fig. li), 
there is nothing to determine wiicfcher B is greater or less than -^; 

that is, whether the triangle A C 1? or A C B' is to be taken. In this 
ease, then, and in this alone, there is a real ambiguity. 
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Examples to Section IV. 
In a plane triangle 

(C = 90= ) fA = 40°12' 

1. Given -^B signs' V find J c = 2420 

(a = 1578 > (6 = 1834-6 

fC = 90° ) (A = 22°37'11J" 

2. Given -^ B = 07° 22' 481" ^ find -^ 6 = 5-43-924 yards 

( c = 589-251 yards) ( a = 226-635 

(0 = 90°) (A^54°5'l" 

3. Given -J 6 = 423 V- find -^ B = 35° 54' 59" 

(a^584) (c = 721-l 

(o= 608-775 yards) (A= 22''37'ir-5 

4. Given -^ 6 =^ 1363-656 'yards ^ find -^ B = 120° %<3 36"-8 

{p- 949-689 yards) (C= 36''52'll"-7 

Area= 2'19047'9 square yards. 

! = 424-096 yards) (A = 98° 12' 47"-5 

> = 371-084 yards - find -^ B = 60° 

1 = 21° 47' 12"-5 ) (c = 159-036 yards. 

(A = 27°47'44"-8) (B= 32''12'15"-2 

6. Given \a = 733-04 ^ find -] C = 120= 

( 6 = 837-76 ) ( c^ 1361-36 

IB = 147° 47' 44"-S 
or-^C^ 4''24'30"-4 
( c = 120-831 

7. Given the angles of a triangle and the radius of the circum- 
scribing circle ; find the sid^. 

8. Given a side and an angle opposite or adjacent, and the sum or 
the difference of the other sides ; find the remaining parts. 

9. Given the angles and the area ; find the sides of a fci-iangle. 

10. Given the angles and the perimeter ; find the sides. 

11. Given the angles and the radius of the inscribed circle ; find 
the sides. 
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If R be the radius of the cireumscribirg circle, r that of the in- 
scribed circle, », &, y, those of the circles touching the sides o, ft, c, 
respectively and the other two produced, prove 

12. Tbatr = 4RsiniA.Kiiif B.sinfC, 

and « =4 B sin i A . cos J B . cos I C. 

13. That — = i + ^-i- — 

r a (3 0- 

14. That the area = v'r . « . (3 . y. 

15. At a horizontal distance of 115 feet from the bottom of a 
tower, the angle of elevation of its top was observed to be 51° 30'; 
find the height. 

16. The Instance in a straight line between two stations visible 
from each other is known , show how, with an instrument for 
measuring' angles, to find the height and distance of a hill seen in 
any du-ection from both. 

17. The distance between two points, A and B, on the banks of a 
river is measured, and found to be 25 feet 7 inches , find the breadth 
of the river from A to on the other side, the angles BAG and 
ABC being 95° 32" and 33° 27' respectively. 

18. Calculate the distance between two points, A and B, which aje 
both visible from the points C and D, having found that C D = 
60 yards, BD = 121° 35', ADC = 49=20', ACD =89° 36' 35", 
BCD = 31''22'30",andACB = 67''15'40" Ans. A 6 = 106-856. 
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Beiokb proceeding to the solution of spherical triangles, it is neces- 
sary to be acquainted with some definitions and propositions in 
Bpherieal geometry, which are collected in this section. 

(78.) A sphere is a solid hounded by a surface of which every point 
is equally distant from a pomt withm it, called the centre. A straight 
line drawn from the centre to the surface, is called a radm; if pro- 
duced both ways to meet the surface, it is a ^ameter.^ 

(79.) Every section of a sphere by a plane is a circle. Let AB 

(fig. 15) be any section of a sphere made 

^.'?''^;^?=^Yn. ^y ^ plane ; from the centre draw C 

/^_*L''' ,n^^ perpendicular to this plane; take D, K, 

Y /}\'''--H 1 \ ^'^y points in the section, and join C D, 

A ^'' >CM' \ O I>, C K, O K. Since C is perpen- 

j \ // Q^^TiB'"^! •^'iwl^i' to tt^ plane, it is perpendiculM to 

\ ^^ 7\ Ij \ j every line which meets it in the piano; 

\ ir>C \y / / therefor e OCD.OCK are rig ht angles, and 

N^._^^^y_^,^ But K = D, therefore C K = C D, or 
jj^ j^ the section is a circle of which C is the 

centre. 

(80.) A great circh is one whose plane passes through the centre 
of the sphere ; a snudl circle is one whose plane does not pass through 
the centre. Hence a radius of a great circle is a radius of the sphere. 
Two eirelea are said to be parallel when their planes are paralld. 

(81.) A great circle may he drawn through any two points on the 
suri'ace of a sphere, hut rot generally through more than two, For 
the plane of a great circle must also pass through the centre of the 
sphere ; and a plane may be made to pass through any three given 
points, hut not generally more than three. A small circle may be 
drawn through any three given points. 

(82.) Two great circles bisect each other. For the intersection 
of their planes, being a straight line passing through the centre, is a 
diameter of the sphere, and is therefore a diameter of both circles ; 
and the circles are therefore bisected. 
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(83.) The inclmUion of two great eireles, is the angle macle by 
their tangents at the point of intersection. Since each of these tan- 
gents is perpendicular to the radius in which the planes of the circles 
intersect, the same angle measures the inclination of tlie planes of 
the circles, {EucUd si. def, 6). 

(84.) If through the centre of a circle, whether great or small, a 
straight line be drawn perpendicular to its plane, the point in which, 
if produced, it meets the surface of the sphere, is called the pole of 
that circle. Thus, in fig. 15, F C E heicg perpendicular to the plane 
of ABB, and passing through its centre C, E Mid F are the poles 
of AD B. From the demonstration of (79) it is evident, that this 
line will always pass through the centre of the sphere. In a small 
circle the term pole is more usually applied to that point only, as E, 
which is nearest to the circle. 

(85.) If a great circle be made to pass through D and E, and 
another through K and E, and if the chords D E, K E be drawn ; 
then, since C D is equal to C K, and C E is common, and the angle 
E C D = E C K, both bemg right angles, the chord E D is equal to 
the chord E K, and the arc E JD = arc E K, Hence the pole of a 
circle is equally distant from every point of that circle ; the distances 
being meaaiwed by arcs of great circles. 

(86.) If B be the pole of the great circle &H, since the centre of 
this larcle is the same with the centre of the sphere, E O G- is a right 
angle, and E G is a quadrant. The distance, thei-efore, of every point 
of a great circle from its pole is a quadrant of a great circle. Since 
E is perpendicular to G O H, the plane E O G is perpendicular to 
the plane G H, and the angle E G H is therefore, by (83), a right 
angle. And the tangent of G M at G is perpendicular to the tangent 
of G E ; and it is also perpendicular to G 0, therefore it is perpen- 
dicular to the plwie E G (Euclid si. 4) ; so also is the tangent of 
D B at I>, which is parallel to it (Emlid si. 8) ; therefore the tangent 
of D B at D is perpendicular to the tangent of D E. 

(87.) The inclination of E G, E H, which is measured by the in- 
clination of their tangents at E, since these tangents are parallel to 
G and H respectively, is aJso measured by the angle G H, or 
the arc GH. 

(88.) Since a line which is perpendicular to two lines meeting it 
in a plane is perpendicular to that plane, if a point E can be found 
such that its distance, measured by a great circle, irom each of two 
points G and H not in the same diameter, is a quadrant, that point 
is the jwle of the great circle passing through G and H. 

(89.) If in a plane perpendicular to another plane a line be drawn 
at right angles to their common intersection, it will be perpendicular 
to the second plane {Euclid xi. def 4). Hence, if G E be drawn, so 
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that E G H is a right angle, and G E be made = a quadrant, E will 
be the pole of the circle L G M. 

(90.) If D K be a small circle parallel to G H, the line O C is 
perpendicular to both their planes, and therefore, by (84), E is the 
pole of both. And the angle D C K is equal to the angle G H. 
Hence D K, the part of the sniall circle A B intercepted between the 
two great circles E D G, E K H, passing through their common 
pole : H G, the part of the great circle L M intercepted in the 
same manner : : C D : G : : sin E D : i-adiua. If the radius of the 
sphere — 1, this ratio becomes sin B D : 1. 

(91.) A spherical triangle is a portion of the surface of a sphere 
contained by three arcs of great circles. 

(92.) Any two rides of a spherical triangle taken together are 
greater than the third. For the arcs A B, EC, C A (fig. 16), being 
arcs of circles whose radii are equal, are measures of the angles 
A B, B C, C A, at the eentrc; and when a solid angle is formed 
by three piane angles, any two of these taken together are greater 
than the third (Euclid si. 20) ; hence any two of the sides A B, B C, 
C A, taken together, are greater than the third. 

(93.) The sum of the three angles A O B, B C, C A, is less 
than four right angles (Euclid xi. 21); and, consequently, the sum 
of the sides A B, E C, C A, is less than a whole circumference, or 2 «. 
(94.) Tlie surface of the sphere included between E G P, E H F 
(fig. 15), is proportional to the angle HEG. For if the angle 
H E G be repeated any numher of times, it is quite evident that the 
area will be repeated as often, and therefore the whole area will be 
proportional to the number of the repetitions, or to the whole angle. 
Hence the area EHFGE is to the whole surface as HEG is to 
four right angles, or 2 w. Now the surface of a sphere whose radius 
is f is 4 B- . r*; hence the surface E H F G E =^ 2 r= X H E G. 

(95.) Produce all the sides of the spherical triangle ABC (fig. 16), 
so as to form complete eireles ; let D, E, F, be the points of then- 
intersections. Now, (82) the are A D = 
semicircle — C E, therefore A G — D P. 
Similai-ly, AB = DE, BC^EF. And 
the angle at A = the angle at D, since (83) 
each of these is the same as the inclination 
of the planes ABD, ACD ; similarly, the 
angles at B and C are equal to those at E 
and F respectively. Hence the triangle 
A B C is in every respect similar and equal 
to DEF, and therefore encloses an equal 
surface; Similarly, A F E = B D C, E F D 
^ A E C. Let the area of A B C or D E F 
ar; that of BBC or APE = P; that of AEG or BPD = Q; 
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that of A P B = E. Then, by (94), since a; and P together make 
up the space included by A B D, A C D, we have 

3; + P = 2i^XA. 
Similarly, a; + Q = 2 »■= X B. 

x + 'R = 2r''XC. 
(A being taken to represent the arc corresponding to the angle at A, 
to radios 1.) 

Adding them, 23; + k + P + Q+ E — 2r^ X (A + B + C). But 
a' + P + Q + R = EDr+ArE + BDP + BFA^area 
defined by B D E A = surface of hemisphere = 2 ™- r^, therefore 
2a; + 2=:r' = 2!r'(A + B + C),therefore!r = r=(A + B + C — 5t). 
Ifr = l, a; = A + B + C- — «■. The area of a spherical triangle, 
therefore, is proportional to the excess of the sum of its angles above 
two right angles. This is usually called the spherical excess. 

(96!) Suppose great cirdea EF, FD, DE (fig. 17), to be de- 
scribed, of which A, B, C are respectively 
the poles ; they will intersect in points y^^^^^'^^^"'^. 

D, E, F, and form a spherical triangle, // / ' \""\\ 
called the polar or supplem^ital triangle. // I \ \ \ 
Now, since A is the pole of E F, the arc I j I \ \\ 

joining A and F is a quadrant, by (86) ; ( f , I \ .-■ r| 

since B is the pole D F, the arc joining B \T~-~jl___,,,,^-:^llll--4/ 
and P is also a quadrant ; hence P is the \ V ^b""^^^^ '^ / 
pole of A B (88). Similarly, D and E are \^ / 

the poles of E C, A C, and therefore the ^-,.,^__^ ^.^ 

triangle A B C is the polar triangle of r, if" 

DEF. 

(97.) Produce the sides of A B C, if necessary, to meet the sides 
ofthe polar triangle. Now, D being the pole of KBC, DK — quad- 
rant ; similarly, EH ^ quadrant, therefore DE = DK + EH — HK 
= semicircle — H K. But as C H and C K are each =^ a quadrant, 
HK is the measure of the angle at C, by (87) ; hence the sides of 
the polar triangle are supplements of the angles of the original 
triangle. Similarly, since the relation between the triangles is re- 
ciprocal, the angles of the polar triangle are supplements of the sides 
of the original triangle. 

(98.) The sum of the sides of the polar triangle and the angles of 
the original triangle ^; 3 tr. Now, the sides of the polar triangle 
must have some magnitude, and their sum (93) is less than 2 "■ ; 
hence the sum of the angles of the original triangle must be less than 
3 «■, and greater than ff. 

(99.) A Tight-angled spherical Iriangle is a spherical triangle having 
at least one of its angles a right angle. 

(100.) If we describe the polar triangle corresponding to a right- 
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angled triangle, one at least of its aides will — —, (97), This is 



called 
(101. 



qt/adratdal triangle. 
.) Let A EC be a triangle right-angled at C, (fig. 18) ; prodnc 



the sides A B, C B, to D and E, making A D ^ C E = — ; join E D, 

and produce it to meet A C produced in P ; 
EBD is called the contplem£iUal trvmgU. 

Since E C = -^, Mid A C E is a right angle, 
EisthepoleofAC,andEA = EF = ^,by 
(89)8nd(86). AndhecauseAE— AD^-^, 
Aisthepoleof ED,aiidAF = -^. Since 




A P and A D ea:ch = 



,DF 



the 



angle A, (87). But E D is the complement of D F, therefore E D 
is the complement of A. Similarly, the angle E is the complement 
of A C. And the side B D is evidently the complement of the 
hypotenuse AB. The angle A D E being aright angle, the eom- 
plemental triangle ia also a right-angled triangle. 
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(102.) The sines of the sides of a spherical triangle are proportional 
to the sines of the opposite angles. Let ABC, (fig. 19), be any 
spherical triangle ; from C draw C D perpendicular on the plane 
A O B, meeting it in D ; and from D draw in that plane D E, D F 
perpendicular to A 0, B O, and join C E, C P, DO. Now, 
C E- = C D' + D E^ = C 0^ — JP + D E= (since C D being perpen- 
dieulai- to the plane AOB is perpendicular to DE, DO) = CO^— OE^ 
therefore the angle C EO is a right angle, and the angle CED (83) = A, 
and C E is the sine of A C. Hence CD = CE. sin CED 
= sin AC . sin A. Similarly, C D = sin B . sin B. Hence 
sin C A . sin A= sin C B . Bin B, or sin C A : sin C B -. : Bin B : sin A. 




(103.) To find the cosine of one angle of a spherical triangle when 
the three sides are given. Let ABC (fig. 20), be the triangle; 
draw D, C E, tangents to C A, C B, and O D, O E secants ; join 
D E. Then (83) the angle made by D C, E C, is the angle C ; also, 
the angle D O E is measured by A B. 
Now, DE^ = DC' + CE'— 2DC.0E.cosDCE,(65), 
and D E' = D 0^4- E' — 2 D O. E . cos D O E. 

Comparing these values, and substituting for D C, &c., 

taii=AC + t3n'BC--2tanAC.tanBC.cosC 
= seD^AC + sec=BC — 2secAC.BeeBC.cosAB. 
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But sec^AC=il+tan-AC,sec=BC=l + iaii^BC; 
subtracting from both, sides tan' A C + tan^ B C, 
— 2 tan A C . tan B C . cos C = 3 ~ 2 see A C . sec B . cos A B ; 

2sinAC.sinBC.cosC „ 2cosAB 

01' m BTi = ^ TTi tTFi > iTom which 

cos A C . ooa B C cos A C . cos B C ' 

^ cosAB — cosAC.coaBC 

'''^ = ii ^C.sinBC ■ 

It is eoKveiiient to denote the sides opposite to the angles A, B, C, 
by the letters a, J, c ; then 

^ cos c — cos (i . cos 6 

(KM.) This is the fundamental formula of spherical trigonometry : 
the theorem of (102) may be deduced from it, but m the process is 
rather long, and as the geometj'ieal proof is very simple, we have 
preferred establishing it on an independent demonstration. We 
shall now proceed to investigate the formula best adapted for the 
logarithmic computation of spherical triangles ; the general problem 
b^g, as in plane trigonometry, from any three given parte (sides or 
angles) to find the other three. And we shall b^n with right- 
angled triangles. 

(106.) Let AB C, (fig. 18), be the triangle, having the angle at C 

a right angle. By the formulie (103), cos C = - °- — 7^ -^ °^." ' J"*^ ; 

but C = 90°, cos C = 0, thei-efore cos <; = cos a , cos 6. 

(106.) Hence in the complemental triangle E B D, which is right- 
fingled, cos d =^ eoa b' , cos e ; by the relation given in (101) this is 
immediately transformed into sin a = sin e . siu A ; similarly, 
sin 6 = sin c . sin B. This might have been pi-oved by (102). 

(107.) Since sin 5' = sin d . sin B, we have cos A = cos a . sin B. 
And cos B = cos 5 . sin A. Multiplying these equations, 
cosB .co8A = cos&.cosffl.sinE .sin A, or cot A. cot B = cose. 

(108.) Hence cot E . cot B :^ cos d, or tan 6 . cot B — sin a. 
Similarly, tan a . cot A = sin b. 

(109.) From this, tan e , cot E — sin 6', oi- eot c . tan 6 — cos A ; 
and cot c , tan a — coa B. 

(110.) These ec[uations comprehend every case of right-angled 
spherical triangles ; that is, if any two parts besides the right angle 
be given, any one of the remaining parts can be found by a short 
logarithmic calculation. In the opinion of Uelambre (and no one 
was better qualified by experience to give an opinion) these theorems 
are best recollected by the practical calculator in their unconnected 
form . For common poi-posK, however, a technical memory has been 
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invented, under the title of Naper's rules for Circular Parts, wliieh 
we shall now describe. 

(111.) The five circular parts are the two sides, the complement 
of the hypotenuse, and the complements of the angles. Any one of 
these is called a middle part; the two next it are then called the 
adjacent parts, and the two remaming ones the opposite parts. The 
two rules are then as follows ■ the sine of the middle part ^ product 
of tangents of adjacent parts ; and the sine of the middle part = pro- 
duct of cosines of opposite parts. 

(112.) These roles are proved to be true only by showing that 
they comprehend all the equations which we have just found. We 
shall leave to the reader the labour of examining every case. 

(113.) It was observed m (100) that the polar triangle, correspond- 
ing to a right-angled triangle, is a qoadrantal triangle. Naper's rules 
then may be applied to quadrantal triangles, if wc take for the cu\;ular 
parts the complements of the sides, the complement of the angle 
opposite the qtiadrant, and the two angles But aa there is acme 
difficulty in the determination of thi. sign" it will perhaps be found 
more convenient to make use of the general formulte of (103) and 
(103), which for this case are always much smiphhed 

(114.) We shall now examine whether any ot tliese solutions are 
ambiguous. And for this purpose, aa before, 
we shall attend only to those whoai, values 
are given by the values of their sines Now 
it is easily seen, that if A and a be given 
B, b, and e are all given by their sine-, and 
this ease therefore is ambiguous, there being 
nothuig which will enable us to determine 
whether the smallest corresponding aris or 
their supplements, are to be taken. In fact, 
the triangles ABC aiid A'BC, (fig. 21), 
will equally satisiy the g^ven conditions, 
since the angle at A' ^ that at A. 

(115.) If A and c be given, a is given by its sine. Since, however, 
tan a = sin 5 . tan A, and the tangent becomes negative when the arc 
is greater than 90°, and since sin 6 is always positive, (as J must be 
less than 180°), a must bo greater or less than 00°, as A is greater 
or less than 90", which removes the apparent ambiguity. If a and 
c be given to find A, the same remark applies. 

(116.) We proceed to find formulse of solution for all s[ 
triangles. Given the three sides to find the angles. We have si 




(103) that cos C = -—-. ^^y^-- 

Xliis formula is not adapted to logarithmic calculation. 
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__ , nose 


-{.o.a.co,b-,ma .in 6) 


CO. 2 


sm a . sm & 


(« + i) ^'' 


a + b + c . a + b~c 
■^ 3 '^"^ 2 


mb 


sin ffl . sin & 


a + 6 + c 

2 '"' 


C sins.sii.(.---c) 
2 ~" eina.sini * 


■ 2 sin^ ^ ^ 


cos ffl . cos £ -f- sin a , sin 5) — uos c 


2sm ^ 


sill a . sin 6 


, 


6-l-c-« . « + c~6 


— cose 


n 2 -.'in ^ 



or putting s 



. ^ Q _ sm(a — a).sin (s — 6) 
™' 2 ~ aina.sinfi ""' 

Dividing this Ly tlic forroCT, tan^ ■— = — .-^ -. — ~ r— . 

J sm s , siu {s — c) 

Multiplying them together, since sin C ^ 2 sin — cos -^, 

. ,^ 4,siD..sin(s-«).sin(.-6)-sinO -.) 
sm 0^— sin^t^.siix^ft ' 

With all these forms logarithms can convanieatly bo used. 

(117.) Given two sides (a, &) and the included angle (C) to find 
the other parts. From the expressions just found, 



2 ~ V sins. sill (s-o) ■ 

"T"V »ins.m(s-S) • 
tan ^r- -i- ^an - - 
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_^/.in(s-e) V sm(.-..)^V .i»(.-t) 
gins 
^ / .h. .,m(.-c) .m_(. -6)+m(. -i.) 

-6 



{— ») 


.sm(._S) 


c 2* 




2 „ 


«+6 . c 



1 + tan — — tan — — 



The sum and difference of A and B being thus found, A and B will 
be determined. The third side will be found by the proportion of 
(102). ^ 

(118.) It ia, however, very frequently desirable to find the third 
side without finding the angles. Now, 

cos c (103) = cos a . cos & + sin a . sin 6 , cos C, 

or versin c = 1 ^ cos c = 1 — cos a . cos 6 — sin a . sin 6 . cos C 

= 1 — (cos a . cos 6 + sin a . sin &) + sin o . sin 6 . verein C 

= versin (a - i) + sin a . sin J . versin C 

= versin («- 6) . (i+^^^Ll^^l!!^^-^. 
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"" " vei-siii (a 


-b) 




then 


yei-smc = TCrsii 


.(«-S),sec'<'. 


Or thos, 


cosO = 2c( 


'4-^ 


therefore cos o = c 


■OS a . cos i — sJi 


io.sm6 + 2TOa 




o.(a+h) + 2s 


in...bS..<.4; 


thereforel — eosc, 




-iJO!{o+6)-2.iii, 



a . sin & . cos^ — = sin^ f ; then 



.K4'+').-c-?-)- 



(119.) The following theorem is frequently useful. We have 
, , oosa — cos 6 . cos c 



also cos c = cos a . cos 6 + sin 

substituting this in the numerator, 



cos « . sin 6 — . 


sin & . am c 

eos 6 , sin ffl . cos C 


sinC sinffi ° 


mc 


'"'*''"'' sinA ' 


11 6 — eos 6 . sin « . cos C 


or cot A . sin C =: cot a 


sinC.sina 
. sin & ~ cos C . eos &, 



This formula is chiefly useM for finiiing the corresponding small 
variations of the parts of a spherical triangle. It may also be used 



1 = ^— r=i X I sm 6 — cos 6 I ; 

smC \ cotoi / 
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= tan ', then 

- (sin 6 cos g — 

(120.) Suppose two angles and the included side (A,B,c) given, 
To find the remaining parts. Take the pobr triangle; let a', 6', c\ 
be the sides of which the points A, B, C, are the poles ; A', B', C, 
the opposite angles. Then, (97), e' = ^ — C, C ^■^ — c. 



..(117). 



Similarly, 



cos—;; — 



A-i-B" 
, </ — 6' 

'^ 2 
A — B 



The sides being thus found, the third angle may be found by the 
proportion of (102). If it he wished to have the third angle inde- 
pendently, the formulse of (IIB) may be adapted in the same way. 

(121.) If we divide one of the equations in (117) or (120) by the 
other, we find a + & A + B 

tan — — — tan — — 
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(122.) If two sides be ^ven smd an angle fidjacent to one, then 
aaotlier aagle is found by (102), and the 
third side by (120), or the third angle by 
(117). In this case the solution is am- 
' Iguoug, under the same circumsfcaneea as 
I the corresponding case of plane tri- 
angles. If two angles and an adjacent 
side, B, C, 6, (iig. 22), be given, the pro- 
cess is the same. In this case, when C is 
greater than B, either of the triangles 
CAB, CAB' (in which B'A pi-oduced 
mates A D ^ A B) satisfies the given con- 
ditions. These are the only ambiguous 
cases of oblic[ue-ang!ed spherical triangles. 
le given, the formulte of (116) may be 
applied to the polar triangle, and the sides of the given triangle may 
be found. This, however, is a case which never occurs in any apph- 
cations of trigonometry. 

NuiTierous esamplea of the solniion of splieiical triangles will be (btuid in norka on 
astronomy and the other aubjMts to "whicli it is prHcticJilly itpplied, hut thrai' 
introduction here wonld render necessary a maaa of esplanation and detail foreign 
to the aebeme of the worlt. 




(123.) Ifthe three angles 
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SECTION VII. 

ON SMALL COEEESPONDING VARIATIONS OF THE PAETS OF 
TEIAHGLES. 

(124.) It is frequently desirable to ascertain the effect which will 
be produced on one part of a triangle by the variation of another, all 
the rest remaining unvaried. To estimate the probable effect of 
error in observation ; to reduce obseri'atioas made in one situation 
to what they would be in a situation little distant ; to take aeeount 
of refraction, parallas, &c., this theory is absolutely necessary. We 
shall, therefore, give the general method of finding these correspond- 
ing variations. 

(125.) In almost all cases espressions may be conveniently found 
by writing down two equations, one of which results from giving to 
the quantities contained in the other the variations which they are 
supposed to undergo, and then taking their difference. And this 
method has the advantage of showing precisely the magnitude of the 
error made by any fiivthcr simplification. It will be best illustrated 
by examples. 

(126.) The height of a building is foiind Hy measuring a horizon- 
tal line from its base, and at the extremity observing the apparent 
altitude; and the angle is liable to a small error of observation. 
In this case, if a be the measured distance, * the angle, a: the height, 
we have a; = a . tan 6. 

And if giving to S the variation, " * would produce in x the variation 
Sx, we have x + ix = a .tan {i + 16). 

Subtracting the former equation, 

Now, if we suppose S S to he very small, we may put S instead of 
sin 5 e, and coa * instead of cos (* + 5 J), without sensible error ; 
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Here ! * is supposed to be espresaed by the length of the correspond- 
ing are to radius 1, If it = m seconds, then for 3 S we must put 

n X 0,000004848, (4), and ix = " ' " ' '^^^"^^^^ very nearly. 

(127.) If it were wished to determine a, so that the error should 
be a mnimum, it must be observed that a though determinate is not 
constant, but = x . cot S, whence 

_ 'gS^ _ 2x5 J 
^ "" sin « . cos a ~ sin 2 "' 

which is least when siu 2 * is greatest, or 2 S = — , or S = —. 

(138.) Suppose in a right-angled spherical triangle, C being the 
right angle, A is given, To find the variation of a when c 
small variation. Here (106) sin a = sin A . sin c ; hence 

sin(« + 3(i) = sinA.sin(c + 3c); 
taking the difference, 

sin (a + 3 a) — sum = sin A -j sin (c + 5 c) — sin c 



•(•+t) 



or, if Sa and Sc be very small, 

. _ sin A . cos c g _ ■ a os!' 5c or = *^!^ Je 
'"^ — cos a c _ sm , c s . , tan c ' 

If Wi be the number of seconds in 5 a, n that in 3 c, m = n. 

(129.) The consideration of particular cases of this last problem 
shows that we must be cautious in applying to any extent the 
simplifications which were there introduced from considering 5 c as 
small. Suppose c = 90° ; it would seem that 5 a = 0. TaMng, 
however, the original expression 



(-^) 



aa »»"-™i^'-r-2-y _^ ,. 



■f+f) 



y Google 



TA.BIATTOH8 OF THE BAETS OF TKIAlfSLDa. 

e may oliserve that, wten c = -~, 







. ia 


— 


sin A .,8 


Sc 




sm ^ 


»•(" 


imA T7' 


ung — 


ver^ 




_- 








Sa = 


~2 


i4.ra=. 


ethen 




»i = — ~ 


1 A X 0,000004848 



= — tan A X 0,000002424 X »', since a now = A, 
(130,) Given two sides (a, 6) of a, spherical triangle, and the in- 
cluded angle (C) to find the variation produced in c by the variation 
ofC. Here 

cos c = cos a . cos 6 -1- sin a . sin 6 . cos C, (103), 
and COB (c -I- 5 c) =co5a . cos 6 + sin a . sinS , cos (C + 8 C), 
Subtracting the latter, 

If 5 C he small, and if C or c be not small, 

then sin c . S c = sin a . sin 6 . sin C . 3 C nearly, 

, sin a . sin 5 . sin C 
or c = ; — X Q U = sin iS . sin a , Sy,. 

If m and » be the number of seconds in 8 c and 3 C, 

m = sin B . sin a . «. 
If C = 0, then 

2mn(c+^'\ sin^'-'>sina .in & ^in'^*^- 
2mn[c+-^) .sm- -2sma.sm&.8m _, 

and supposing S C very small, 

If - - "6 *~^~' 



n o . sin 6 X 0,000004848 ^ 
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TABIATIONS OF THE J 



F THIAHGI.E8. 



(131.) With tte same data, to find the variatioa in A. 
Here (119) cot A . sin C = cot a . sin 6 — eos C . cos h, 
and cot(A + SA).sin(C + SC) 

= cot a , sin 6 — COS (C + S C) . cos 6 i 

subtracting the former, cot (A + S A) . sin (C + S C) — cot A . sin C 

= cos & . |coa C — cos (C + * C) l . 

Now, cot (A + 3 A), jsin (C + 3 C) — sin cl 

=.eot(A + 5A).2cos(c + ?^).sin^; 

alsoainC jcot (A + S A) — eotAJ = — sin C ■ ■ . ^"'",f' r-^-,-.i 
i ^ ' i sin A.sin(A+(i A) 

adding these together, cot (A 4- S A) . (sin C + 3 C) — cot A . sin C 
= 3cot(A + 3A),cos(c + ^).sin^^sinC.- 



n(A + 8A)- 
And cosC — cos(C + SC) = 
suhstituting in the equation, and supposing S C and 3 A very small, 
cotA.coaC.SC — ^"-^ 3A = cos6 .sin C . SC, 



and 5 A = -^-~(T ('^t A cos C — ct 

or, if p be the number of seconds in 3 A, 

p ~ . p - (cot A cos C — CO 



n C) . S C ; 



inC)Xn 
Putting for cot A its value, this is easily changed into 




(132.) The principle and the mode of its 
application is now euffleiently evident. We 
must, however, remark that in many cases 
the corresponding variations may be easily 
found by geometrical consideratioas. Thus, 
, for the problem of (130) , let A E C (fig. 23) 
/ be the triangle, and by the variation of C 
let it be changed to A B' C ; if B a: be sup- 
posed to be drawn perpendicular to A B', 
then A x will ultimately = A B, and there- 
fore xB" = Sc, Now ac = BB'sinE'Ea: 
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VAEIATIOHS or THE PAETS Or TBIAHBLES. 



= E B' sii 

BB'(86), 


lCBA (since CBB' 
and therefore C B B' 


is a right 1 
= ii;BA); 


mgle, 
hut 


as C is 


the 




BB' = si 


na.BCB'hy (90) 


= sil! 


la.SC, 




therefore J 


ic = sina.i 


sinCBA 


.JC = sin 


B.si 


na.SC, 


aair 


And if the variation of A were i 


required, w 


e should have 




S 4 


_ BiK „ 


BB'.oosB'Ba: 


sin a . cos B . 


3C 



for the quantity by which A is diminished, as in (131). 

(133.) The geometrical method then can be applied with great 
ease to those examples in which the variation of one element is ex- 
pressed in terms of the first power of the variation of another element, 
but it can very seldom be apphed to those cases in which, ^in (129), 
the variation of one depends on the equM« of the variation of the 
other. Another method will hereafter he described, not however 
preferable in general to the first given here. 
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SECTION VIII. 



(134.) The preceding sections have referred to nothing more diiRcult 
than the most common propositions of plane geometry and algebra, 
and one or two theorems of solid geometry. In this section it is 
proposed to comprehend some of those expressions which require for 
their demonstration some of the higher parts of analysis, particularlj' 
the differential calculus, and the calculus of finite differences. 

(135.) To express generally cos « « in a series proceeding by powers 
of cos X. If we observe the manner in which the espressiona of (38) 
are successively formed, we shall easily see that cos nx, n being a 
positive integer, wili always be expressed by this form, 
2^' cos- 3^ -+ « cos-^' 3; + 6 cos*-' a; + &e. ; 
a, b, &c., being functions of w. 

Also there will beno second term till re = 2; no third term till n =^ i,&c. 
Let 2 cos na^ = w„; 2 cos x :^p; then «^i =p .w^ — w,^,. 
Assume then v„=p°-\- A^ . jj''~^ + E„ . j)""* + C„ , p"-° + &c., 
A,, B», &c., being functions of n to be determined ; then 

"H-l = P"'^' + -^W-: ■ P"^ + ]3„4_i . p— = + C,^, , p^ + Ac.; 

«,^i = p''~' + A„_| , p"-^ + H^, . p"-' + C^i , p""*"' + &c. 

Substituting these expressions in the equation above, and equating 
the coefiieients of similar powera, we have these equations, 

A^, = A„ — 1; B„+, = B, — A^,; C.+, = C, — B_„ &e.; 
or, since A^j — A. = A . A„, &e., 

A.A„ = — 1; A.B„== — A„_,; £^C. = ~B^„&c. 
Integrating the first, we liavc A„ — — n-^-C; 
and since 2 cos 2 3;= (2 eos a;)*— 2, we must have Aj = —2, there- 
fore C ^= 0, and A, = ^ — n. 
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(It will be i-emarked, that we tave not found the correction by 
moking n =^ 1, because tbe equation As ^ A, — 1 is not true, the 
value of «[, or 2 cos being not I but 2. After this, however, the 
equation A„^| — A, — 1 always holds ; Aj therefore is the first quan- 
tity to which the general value of A, can be applied. The other 
equations B,^, =: B„ — A,^_|, &c., are true without any exception,) 

Hence A,^, = — («— 1), therefore A B„ = (n — 1) ^ («— 2) + 1; 
integrating, B, 
making this — vi 



integrating, B, = -— — ^^n" ■J)'' — 





B„ = 


(« 


-2),(»- 


-3 


■> + (. 


"■ 


(»-a) 








1.2 




' 


1.2 




Henoe 






— B^, = 


- 


(i- 


l).(»-4) 
1.2 








= 


- 


(a-3). 
1. 


(»- 
2 


=i)^ 


-V- 


'iC.i 




th t 


•cC.= 


- 


(.-3). 


("■ 
1. 


-i). 

2.3 


(«-5) 


(«-4). 
1. 


(" 






2 








« 


■(» 


-4) 


.(.-5) 







1.2.3 

which needs no correction, as it vanishes when ra = 5, 
Continuing the process, we find 

hence w„ — y"— w.p"~°+ " . „ — p""' — &e 
or2to,»i=(2eo.»)--.(2co.«;)— +' '" 



».(.-4,).(«-5 ) 
1.2.3 

.(.-5). ( .-c).(.-;) 



1.2 
(2 CO ST)- 



Of this important theorem we believe this is the simplest demon- 
stration that has yet been given. 
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(136.) If n be even and = 2 m, 

tlie last term wiU be + ^ "'■ ('"—^) •("' . — ?)': . -' ^ ^ ± 2 ; 

the last but t^vo = ± ?J!Ll^^}1: BJ^^^^_^i1 (g ^OB xY 



1.2,3.4 



= + -;■'■■; /^ (^'"-n fa. 



He.„c»». = _+{l-j!l^c«... + 4^-*)e.,.. 



.(»'-4).(.'- 16) 
1.2.3.4.5.6 



i + . 



4 



the upper sign to be taken when m is even, or n divisible by 4. 

If n be odd or of the fonn (2 «i + 1), the last term will be 
i2m + l ).m. (m-l)....2 
- 1 . 2 . 3 . . . . m 

= 4;C2m + l).2coscE = ±n.2eosK; 





- , 


1.2 


.3.... 


(»^1) 






= T<^ 


1.2. 


» + l) 
3 


-(2oo> 


,^r 




= T 


1.2.: 


,')2oo 


«'=,,&. 




Hence, when 


» is odd, CO 


tnx = 








+ {«cos.- 


n,(»'-l) 
1.2.3 


C0.'«! + ' 


..(»■- 
1.2 


.3.4.5 


-3 



the upper sign being taken wten « is of the form 4 s + 1, and the 
lower when of tho form 4 s + 3. 

(137.) Jiei X = -^ — y; then cosa; = sin2;, and cos na; 
= cos {- n^l = cos-^ cosny-^ sm Y^ii^^^- 
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Ifn be divisible by 4, this ^^ COS ny; if only divisible bj'2,it=^ — cosny. 
Hence in all cases, n being even, 

If Jibe of the form 4s + l, cosmaT = smny; if of the form 4s + 3 
cos nx r= — sin ny. Hence in all cases, n being odd, 

(138.) Differentiating the first equation of tiielast article we liod, 
emgora, „(„i_i) . 

.m„ = eos!, j^mj, J-j^g-'-.n-J 

By similar operations we may from these deduce other formula. 
(139.) Let ny == z; then (n even) 

(-OS , - 1 £^ —J' -1 - A ^/ - 



('-^)-0-3)- 



1.3.3.4.5.6' 

Suppose now « to be increased without limit ; the expression.s 

1 ~ a . 1 ' — ~2"> '^''' iipproach to 1 as their limit; the fraction 

?^^ also has 1 for its limit. 

Hence cos s = 1 - ^^ + -^ ; 2"-^4 - 3^72-73-' 4-7^;^ + &^- 
(140.) Again, {n odd) 



.(i^Mzl)!^-.. 
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Increasing n without limit, 



1,2,3 1.2.3.4.5 

(141,) No\vweinayrcinaTlt,thatifwe espand e"^'"^' anAe-''^^^^ 
(e being the base of Naperiaji bgarithma = 2,7182818) in the same 
way in which we expand e', we have 

, V ^1 _ __+_.__ + _____&,. 

Adding them, 

-^V^i -!- „-tV~i — 2 M — ^ 4- — .,^ .ftp A — " fncT 

ur cosa!^ ^ 

Subtracting, 



1.2.8 ' 1.2,3.4.5 
2 V^^ . sin X, 



2 V — 1 
These expressions are to he regarded as haying no other meaning 
than this ; if expanded according to the rules by wBieh wc expand 
possible algebi-aie quantities, they would produce the series for cos x 

(143.) From these equations we have 
e-V-i =cos»:+ V"^^^.ainfl;; e"'V^"i = cos a; — -v'^^^l . sin a;. 
Similarly, e^ V^' = cos i; + V =T , sin »/ ; 

multiplying this by e"^^', 

gi«+rt V~ „ (^cog ^ ^- ^/ — 1 sin !c) (cos y + \/"^^ . sin y) . 
But e'^*)^^ ^ cos (x+y) + */^^l . sm (^+y) ; 

hence we have this very remarkable formula, 

(cos X + v'^^i . sin .,) . (cos;, + V^Ti . sin y) 
= cos (ai + 2/) + V^Ti . sin ix-Vy). 
The same i-esult will bo obtained by actually multiplying together 
the two factors. 
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If we suppose y successively =x,2x, &q., we shall have 

which implies that n is an integer. 
Or thus, e"'^'^ = (e-V^)", that is, 

msnx+ V^ITi . sin „ X = (cos a; + V^l . sin a:)-, 
whether « be whole or fractional. 

Similarly, cos n x — '^"^1 . sm n « = (cos a: ~ </~^^l . sin ^)'. 
This theorem is due to Demoivre. 

(143.) Expanding the two last expressions, adding them together 
and diiriding by two, we have 

.n. » r - <.n«- r ^ " ' <" - ^) .os""^ X sin^ ^ 
1.2 



!■ » («-l).(«-2),(^- 
^ 1.2.3.4 

Subtracting and dividing by 2 ^Z — 1, 

smna:_n,cos a: sm«; ^ ^.g '^'^ ' 

1.2.3 
Dividing the latter by the former, tan n x 

.(n-l).(^_2) 



- tan' X — &o. J- 
tan X — "•'-'"T^^!;"'^ -^ tan' * + &c.{ 



«tana!- 



1.2.3 



In (142) suppose such a value to be given to n 
- 0, COS nie = l; then wa^^O, or 2 w, or 4t, &c., and 

r — , &c. Hence the following equations are true, 

\ n — n ; 

/ 4 IT , 4nr\" 

(cos — + V -— 1 . sin — j - 1; &€. 
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The quantities within the brackets are therefore roots of the equa- 
tion a" ^^ 1, or s" — 1 = 0, Hence we have for simple divisors of 
that equation, 

a — 1, s — COS ^ — V — 1 . sin ^, 



£-— cos — + V — 1 .sin — ,&e.; 
!■ grouping in pairs the corresponding factors, the factors of 
"— lares — l,.s^ — 2^.cos^ + 1, s'— 2i; . cos -^ + 1, & 
fieneionf 

to n dimensions. If n he odd, the last factor will be s -1- 1. 
(145.) If we put — for £, we have 

to n dimensions, the last feotor being w-{-aif nhe even. And 

»• + <,•= (rf-2»ocos-i- + <f) . (rf-2»<. 00= 5£ + a'), 

&c. to 11 dimei^ions, the last factor being «j + a if ra be odd. 

This is called, from the inventor, Cotes'a tbeorem, 

(146.) It is required to express (cos a)' by the cosines of multiples 
of X. Here, n being an integer, 



1) g-i*-t) W.-1 + „ . e-(.-2).v-i -4- e-.'W-i \ 
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ISTMill 




EEQTJIEIKG A 


HIGUBE AKJ 


IITSIS. 


.{.« 


" + 


^.W=i + „(e< 




"+f- 


"-«) 


1,2 


1) 


(^(-*>W^+,- 


..-..V: 


') + 


.4 


ni + no 


.(-2).+"^ 


•-1), 
^ 


m(« 


-4)i + , 



1 2 1.2.3. • 



2"-i 

The coefficiGiits are thi' «iine as tiuise in the first half of thu expan- 
sion of (« + 6)" but if « be t^ en the last term, which does not 
multiply a cosme i3 half of the middle term in the expansion of the 
binomial. 

(147.) As this, formula is deiaon^trated entirely by mean? of 
imaginary symlols we ah'Jl endeavour to explain how it happens 
that operationa conducted by imagmiry expressions can give cor- 
rectly a real result We know th^t 

Now this is trac for all values of y; and, consequently, if both sides 
were espanded, the expanded expressions would be idetitic<dly equal : 
and therefore there would be still an equality if instead of if wo put 
— a;^, and operated upon it by the rules of common algebra. This 
would give us 
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(148.) In this formula for x put -r y ; then 

Let jj = 4^; theii cos (-„- — - ^y] ^^ cos (Sjjt — ny) 

= cos2pT , cosny + sm2j9n- . sinwy ^ eosra?/; 
cos( ^"~^^'' -(«-2)y)=cos(2j>-l)^,eos(^-2)i, 

+ sin (2p — 1) «■ . sin (ft — 2) )/ = — eos (« — 2) ;/, &c. ; 
therefore, in this case, (sin y)" =^ -^^t \ cos ny — n . eos (w — 2) ^ 

H-»-(!f:iU„.f„_4),-«..} 

Lot w = 4 p + 2 ; then in the same niannei' it is found, that 
(siny)" = ^, |— cosn2/ + «.cos(K — 2)?/ 

— " • ^"^"~ ^^ eos (™ — 4) y + Ac.} 

Let m = 4p + l; cos (^ — «^') = ^o^ (2p + i) '^ .cosny 

+ sin(2p + ,^) T.sinnj/ — sinwy; 
ces (^^' " _ (^ _ 2) J,) ^ cos (2p~i) ^ . cos [n-2)y 

+ sin (2 p — i) ^ . sin (n - 2) jf = - sin (m - 2) ;/, &e,; 
aiid therefore in this case 

(m »)• = |ir, {»» « S - " • sin (» - 2) J 
+ •Lfcri) ,i„ („ _ 1) J, _ to j 
let n = 4y+3; then, in the same way, 

<fiy"jY = ^, {-■»■» + ». .n.(«-2)j 
- "''"-^ .anC^-ljy + fa.l 
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(149.) When n is even, the last term in the espression for (cos a;)" 
and for (sin y)" is 

■■<"-'> (t + I ^J_ 1.2.8-...(.-l),. 

'- f -^"^"-"(l- ^- 

_ 1.2.3..-.(w— 1) .n _ l.S.5.. -. (ft — 1) 

~ (2.4 ny ~ 2 . 4 . e n ' 

(160.) One of the principal uses of these expressions is the simpli- 
fication of integrals taken between two values of x or .y that differ by 
a circumference. Since f cos px .dx, as well as f&iapx ,das (p 
being an integer), always vanishesbetweentwosucb values, it appears 
that through a whole circumference / (cos a;)" . d « or fimixy.dx 

is = when n is odd, and — 2'^. ' ' " - ■ ' ■— when n is even. 

(151.) Since S> (cos a;) can generally be expanded Jn integral powers 
of cos a;, it can generally be expanded in. cosines of multiples ol' it. 
This in most cases can be effected with the greatest ease by particular 
artifices, and especially by the use of the imaginary expression for 
cos X, &e., as we proceed to show by examples. 

(153.) Suppose tan $ ^ n tan S; it is required to find a series for 
? in terms of S. If in tan (p aud tan 6 we put the values for sin if, 
cos ?, &e,, found in (14] ), wc have 

^ V^ g-f V-i fS V3 ^ g-« V-1 



whence 



25V=I « + 1 



'-J+-1'' 



— -j-^ = i, and talre tbe logarithms of liotJi Bides ; tlien 

_ _ P _ „ 
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Dividing by 2 V — 1, 

a theorem of great utiiity. The tmth of the process is to be proved 
as in (147). In the same manner we might find a series if 

n heing less than 1. 

(153.) To expand (a^ — 2 a 6 eos 9 + 6^)" in o sovies proeeediiig 
by cosines of midtiplea of 6, h being less than a. 

Since 2 cos ^ = /^'-^ + -"^-', this expression 



1.2 'a' 



The product of these (observing that e'^^'' + e-^'V^ = 2 cos 2 ff, 
V w 1.2 ■ o= 
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/ ..(.-I). (.-2) V 

\ 1.2.3 * a= 



+ fa. 2 toj 3 « 



Multiplying tliis by a^ wo have the series required. 

(154.) To find log (1 — w cos i^, « being less than 1, in a similar 

Let l — i>cos< = (o — (.«•«)((! — »r''>^') 

^a^ + 6" — 2a6eos«, 
therefore a + 6 = V I'-fn, a — 6 = V 1 — ". 

The log == 2 log a + log (l — — «^^-') + log (l — — t"*'*'-') 

= 2 log o - -^ . ."■= - ^. . r-v-i _ fa. 1 

= 2 log o — ^ cos f — 1^, cos 2 * ~ fa. 
And a = H^n^Fi + V'T^ti),a' = Hl + v'l=i'); 
5 i/T+'n — 4/T=^ • 



» »/l + n + v'i — « ~ I + V'l— »' 
whence log (1 — n cos S) — log ^ 



-J(l+^-^)-'"^ 



(155.) To express sin xhy a coriHnued product. 
We have seen in (145) that 



c . cos -£ + o'j . . . . («— 1 terms) ....(x + a); 
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dividing by (a;— <j), te^-' + a,^"^ .a + &o. + a-—' 

= (^^2axQos — + A.(s? — 2axws^ + a'\ .... 
.... (n — 1 terms) .... (x + a); 

this is true if x differ from a, however small the difference may be. 
By making that difference very small, and making a ;^ 1, we Lave 
this equation for the limit of that above ; 

2 » = 2 (l — cos — ) 2 ('l — co9^^ .... (^^^1 terms) .... 2 

!r 2n- 3f 

= 2"^' . Hin'^ ■ ^™ 2„-^'" 3^"" ■ ('i — l terms). 

Again, let a; = 1 -[- - — a — 1 — ^ ; 

tl,„ .■ + ,.• = 2 + 2 (i)' 2 « = 2 - 2 (£)'. 

and the first equation becomes (l-\- — ) ■ — f 1 — — j 

-^:-{(>-"~)+(A)■^+».T)}• 
^{('-»v)+fe)'{i+«°4-)}-("~"™"-^- 

1 + CO. ~ 



{'+(2T.)"-''2^l ■ {' + (2^)" "''l^} ■■••(»^^t™-). 
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which the former equation reduces to ( 1 + — 1 — (1 — -^j 
Now suppose n indefinitely great ; 






the limit of the first side is 2 i 2 + ^ ^ ^ + i ~ 2 ~ &"i ~ 5 "*" ^°7 ' 



e _- . cot — ^= — ■ . ^ ultimately ■ — , the limit of the 



second sideis23 (1 + —jj ■ f 1 + 7— jj . &c., indefinitely continued. 
Dividing both by 2 s, 

' + rirs + iT^lirs + *« = (1 + 1^) ■ (• + J^.) ■ *"■' 

therefore, as in (147), 

and multiplying hoth sides by x, 

(156.) To express cos a: by a continued product. 

By (145), a^ + (^ = (3? ^ 2a^ EOS ;^-l- a^y 
f k' — 2 a ai cos ~ + a^\ . &c. to h terms. 
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Leta: = 1, a= 1; then 

2 = 2(l-c«.i).2(l_.„.|f)..^.(„l„m.) 

:^ 2^ . sin" -— . sin^ — . . (m terms). 

Again, let a: := 1 + ~ — , a =^ 1 — ;r— ; then as before 

= 2'. .!.>--»■ J-„--' <»""»> ■■■■ 

^{i + (2~J"--'rJ-{'+(fJ"*'r3 ■■■("'•■"•)• 

(■.nd the equation just found reduces this to 

and taking the limit of each side when n is indefinitely increased, 

1 + ri! + nrn: *+ *'- = (^ + ^") + IS) ■ *«■■ 

therefore 1 — — - + r. — „ — - &e. 



-('-V0('-I5-*- 



(167.) Taking the differential coefficient with respect to x of the 
logarithm of the expression for cos x we find 

fan , = -^j-^'^ --, + g^Jf-^-. + fa. 

Similarly, from the expression for sin nr. 



(168.) The following theorems we shall find useful hereafter 
ai^" — 2 ic" cos « + 1 



= j^»_- (eoE„+ V— 1 .sin«)} . jx"- 
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If we solve the equation 

^. _ (cos « + V"^"l . sin «) = 0, 

we have x = (oos « + V^^ . sin «)» ; 

the different values of which, as will be seen upon applying the 
theorems of (142) and (11), are 

« a 2^ + It — 2^ + « 

cos- + V — l.sin — ; cos -- -^ + V — l.sin-- , &c. 

and the factors of a^ — (cos » + V ^ 1 ■ sin ») arc therefore 

. - (.0, ^- + V-^1 . .i, '-^"), &. 
Similarly, the factors of «" — (cos a — V — 1 . sin «) ave 

X — I cos — V — 1 . sm — I, &c. 

Combining the similar factors, 

a^ — 2 LI" . cos « -M ^ ("ai^ — 2 K cos — + iV 

.(:^-2«c„.-^-'±-- + l).(^-2..oo.*l±-- + l).fc 
to n terms. 

(159.) Now let a; = 1 ; ;«*■ — 2 af . cos » + 1 hecomes 2 — 2 cos « 
= 4sm^-— ; a;' — 2 It cos — 4-lb6Comes2 — 2cos— = 4sin^ — ,&c., 



and the equation is changed to this ; 






--^=— f„-^^--- 


,. ,!» + . 
''" 2k" ■■ 


. . (ffl terms), 


or™ "-2- .b " ™"' + 

2 2» 2» ■ 


. 4,1 + . 
"' 2» ■■ 


. . (n turms) . 


Let;^ = /3; thtn 







11 » U = 2-> . .in (J , sin (» + -^ ) . sia (» + ^) . . . . {« terms) . 
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(160.) la the equation a!** — 2 !»' . cos « +1 

= (^ - 2^ . CO. -^ + l) (a^- 2. . cos ^^ + l) Ac, 

the coefEcient of a^' must 

= - 2 (c<« ^ + CO, ^'-i- + .0. ii±i + &. (.tem.)). 

But this coefficient = ; therefore, putting 7 for — , 

cos ■/ + COS U + — - J + cos {'/ + — j + Ae., (w terms) = 0. 

If n be even, this is an identical equation. If « he odd, the terms 
are all difierent, and observing that the cosine of an arc is the same 
as that of its defect from 2 -a, the equation, supposing y less than 
■ — , may be put under this form, 

cos y + cos {-^ + yj + cos f — + yj + &c. 

+„(?^_,)+„(!^'_,)+4,r°' 

where each line is to be continued to that value of the arc which is 
next less than t. By transferring to the second side those terms 
that are negative, this is easily changed into the following, 

""+»"(V'+')+-(V+')+*«j 

ill which, y being supposed less than — , each series is to be con- 
tinued till the angle reaches its greatest value nest below 90°. 

If n be made = 5, it will easily be seen that the last theorem of 
(i9) is but 3 particular case of this. 
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(161.) In (124) and the following articles we explsuned a method 
of finding the corresponding small variations of parts of triangles. 
This may sometimes be abridged by the Differential Calculus. For 
if a, a function of c, receive the variation S Oj in consequence of c 
receiving the variation S c, then 

dc do' 1.2 

If S c be very small, then la — -r- 5c nearly. 



If, however, -;- ^ 0, then 3 
dc 

Thus, in the case of (128), s 



M". 



m c = — ; taking the second diffoi-entia! coefBcient, 

,aa ^-sino l'^^^^— sinA sine 
' dc^ ' \dc/ ' ' 



Make c = -- : a = A : cos A . -r-s — — sin A ; -r^^ — — tan A ; 
2 rfc' dc' 

and B a ^ _ tan A . ^^ nearly, as in (129). 

(162.) This example sufficiently illustrates the use of this prin- 
ciple. For the cases in which the first differential coefficient does 
not vanish, and in which the neglect of the other terms will certainly 
introduce no error, it is convenient ; but when a particular value 
makes the first differential coefficient vanish, or when it is necessary 
to esamine the terms after the first, the method of (125) is generally 
preferable. 

(163.) In our solutions of triangles, it will be remarked that we 
have frequently given several formulie for the same case. The reason 
is, that in parrieular cases the value of an angle cannot at all, by the 
tables, be found exactly from its logarithmic sine or cosine ; Mid in 
other cases it cannot be found exactly without much trouble. To 
provide, then, for aU cases, several formulce are sometimes necessary. 
We shall now show in what cases these difficulties occur. 
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(164.) The ratio of the smaE variation of any function of an arc 
to the variation of the arc being ultimately the differential eoefflcientj 
we shall have 

S . log sin * ^ ^ -"f - k^" - ^ ^ nearly ^ M cot ^ . 3 », 

11 being the modulus of common logarithms =: 043429448. Now 
when f is near 90°, cot S is very small, and a large variation of the 
arc is attended by a small variation of its log sine. A small error, 
then, in the log sine wiU produce a great error in the arc ; or, if the 
tables be not carried to many decimals, the same log sine will corres- 
pond to several successive values of the are. Consequently, an arc 
cannot be found accurately from its log sine when it is near 90°. 

(166.) If now the arc be very smaU, M cot ^ becomes large ; the 
second differential eoeffieienfc also (= — M cosec^ *) is very great. 
It may happen, then, that the second differences of the log sines (of 

which the expression is — ---^ ^ B ^ + &e,) become large ; and 

we must have the labour of interpolating by second differences. 
This, however, is commonly avoided by constructing tables for a few 
of the first degrees of the qiiadrant to every second, or to smaller 
intervals than the rest of the tables ; 3 # is thus made so small that 
the second differences are seldom sensible. But it is stiH better 

sintf 
avoided by the use of a small table giving the logarithm of —r— for 

a few degrees. 

F„, 'if', ty (HO), = 1 - 5-^-3 + i-;-2 :|^5 - &. ; 

its logarithm = — M l~ + t^ + &c. J ; 

/iff' \ 

the differential coefficient of %vhicb, or — M ( — -|- j^ + &a.j, is 

very small when * is small. And if ^ =: n", log S =^ log n + log 1", 
= log w + 4.6855749, of which the first part can be found to any 
accuracy by common tables, and the second is constant ; thus, when 
S is small, log sin i can be found accurately. The most convenient 

tables contain a table of log ^— — ; let the number in this table 

corresponding to n" be a, then log sin m" = a + log n. 

(166.) Conversely from a given value of log sin S, * wlien small is 
found with great ease. For subtracting from log sin 6 the logarithm 



y Google 



ISVESTIGATIOKS KEQUIHUfG A HIGHEfi AKALYSia. 65 

of 1", or 4.6855749, we have, nearly, the kg of the niimher of seconds, 

by which we find in the tahle the log —r- or the log ■ j- — ; 

and though the numher of Reconds is not theoretically exact, yet 
from the very slow variation of log,— r-, the error in the result will 
not be sensible. 

Then log true number of seconds = log sin * — log — — ^ . 

(167.) In the want of such tables, this method is convenient, 
-^ = 1 - -g- nearly = [l — ^^ = (cos i)=< nearly ; 

Rin* 
therefore iog — g— = ^ log cos i nearly. 

Hence, log sin fl = log S + J log cos 6 nearly 

= log i — J arithmetical complement of log cos S. 

(168.) The same remarks in all respects apply to the tangent of 
a small are. 

The series for the tan ^ = ~ = — ■ .. i 



1 - - + &c. 
= .(l + | + &c.), 
therefore -- = 1 + _ = (^i _ ^j ^ 
and log tan i =: log ^ + f ar. eomp, log cos 6 nearly. 
These espressions can he used without sensible error till * — 8°. 
Since the differential coefScient of log tan 8 1= -. -.1 is never 

small, we can never meet with difficulties in the use of it Uke that 
mentioned in (164.) 

(169.) In this way, then, we find that an arc cannot be deter- 
mined accurately from its sine or cosecant when it is near 90°, from 
its cosine or secant when very small, or from its versed sin'; when 
near 180°; but from its tangent it can always be found with accuracy. 
Of the expressions, therefore, in (66) and (116), the first must not 
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be used when — ia amaJl or C is small ; the second must not he used 
wheu C is near ISO", nor the fourth when C is near 90°. The thii-d 



may always be used. 




In(63)cO!B = - 


—J which is inaccurate if B is small; hut this 


expression may then 


safely he used, ^^^^^j^, or tan= 2 , 4. „■ 


In (70), it Bis lie 


ar 90°, let B = 90° ± a^ ; then cos a^ - — sin A, 




l-AsinA 


and 




"°^-i + A..iA- 


No» i- in all cases 


of difficulty will he greater than 1, and less than 


tan^ -^ = ' 


S; then 
?md — sinA ^ — A .» + A 

. r- = tan X— . cot ;r — , 



fiinS + 
whieh can he calculated with 

In (105), if a and 6 be veiy small (a ease which often occurs), 
c cannot be accurately found fi-om that formula ; wo must therefore 

take tan A = -, ;, and tan c = r , by which c is found to the 

tan 6 cos A •' 

greatest aecaracy. 

In (109), cos A = P^ ; if A be small, 

1 — cos A _ tan e -— tan b 3 A _ sin (c — b) 

1 + cos A ~ tan c + tan 6' ""^ 2 ~sin(o + 6)' 

which is not liable to inaeeuraey. 

In (118), if c should be near 180°, use this expression, 1 + cos e 

^ 1 + cos o . cos 6 + sin a . sin 6 — sin a . sin & (1 — cos C), 

eos= — - cos= ^^ — -a sin 6 an=~- 

make sin a , sin 6 , sin^ — — sin" S, then 

«=i=e.s.«-^J^sin=. = eo.(i=.' + ,)..e.(S='^.). 
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We have given, we Relieve, the most important cases; but in any 
others the same principle may easily he applied. 

(170.) We shall conclude our remarks on this subject with the 
solution of the following problem r To find how far the tables are 
sufEoiently esaet. Thia will be done by ^ving to the are the varia- 
tion 1", or any other, according to the degree of accuracy required, 
and finding at what limit the corresponding variation of the tabular 
numbers is equal to one unit in the last place of decimals. Thus, for 
log sines ; hy (164), the variation of log sin S 

for 1" = 0.434.S X cot d X 0.000004848. 
If the tables be carried to 7 decimals, cot 6 at the limit 

0.4343 X 0.000004848 .»,,,, . , 0.4343 X 0.000004848 

- oTooooooi ' '* *" ^"' '"* * - 0:0000000001 ■ 

The former gives * = 87° 17' ; the latter ^ves S = 89° 59' 50" ; and 
beyond these the tables of log sines cannot be trusted to seconds. 
The same principle may be applied to any other tables. 
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(171.) The trigonometrical surveys, which have been carried on for 
the two objects of mapping an extensive country, and determining 
the figure and dimensions of the eaith, afford tte beat exemphfica- 
tions of most of the theorems both in plane and in spherical 
trigonometry. For some of the reductions, however, they require 
peculiar formula ; these we shall give, after describing generally the 
course of OTerations. 

(173.) The first part is the measurement of a base, for which a 
plain of foar or five miles in extent is generally chosen ; the line is 
measured with the most scrupulous esaetnese. In Engknd, rads of 
deal, tubes of glass, and steel chMus, have been nsed ; the tempera- 
ture being always noticed, and the proper correction applied for ex- 
pansion. In the late sutvctb in Prance, tlie measuiing rods consisted 
each ^ a rod of platina and a rod of brass, lying one npon the other, 
and connected at one extremity ; the expansion of these metals being 
different, the dificrence of the espansions was observed, and the whole 
expansion of one bar found by a simple proportion. 

Other bases are measured in different situations, called bases of 
verification, and their measure, compared with their length, as found 
by calculation, srarves for a criterion of the correctness of the observa- 
tions. Thus, for the French sui-veys of 1740, 17 bases were 
measured ; but ia the late surveys there, two only were used ; and 
in the operations in.Hindoostan, carried over a greater extent of 
coimtry, five only were employed, 

(173.) Proper situations for signals being selected, the country is 
divided into triangles by lines joining the stations ; and the angles 
of the triangles, that is, the angles which two signals subtend, ae 
seen fmm a third, are measured, (the first observation being made 
from the extremities of the base) ; and here the nature of the instru- 
ments used, modifi^ the calculation in a considerable degree. For 
the late French survey, repeating circles were employed, by means of 
which the angle between the two signals was observed ; but since 
the signals are seldom seen esaotly in the horizon, a calculation Is 
necessary to find irom this the horizontal angle. In England and 
India the hoi-izontal angle was observed immediately by a theodohte. 
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1 base of 



(174.) In all the principal tria,iigle3 each of the three angles is 
observed ; and the error, if it is found from their sum that any exists, 
is divided among them in the most probable proportion. The sum 
of the errors in the nicer observations has seldom amounted to 2". 
For the smaller triangles it is sufficient to measure two angles. 

(175.) Beginning now with the measured base, we haye the length 
of the base and the observed 
tbe distance of a signal 
its extremities, and the angh 
at the signal; that is, wi 
have one side and the tw( 
adjacent angles to detei 
the other parts. Thus 
determine AC, B C, 
24). Similarly, AD, BD; 
found; then C D is deter- 
mined. Then in the triangle 
B D we have similar data. 
And this process we extend 
to any num' 
till we arri 
verification. 

(176.) It is generally 
thought proper to choose 
the stations such that the 
sides of the triangles are 
greater than 10 and less than 
20 miles. In the Enghsh 
survey, however, the distance 
from Beachy-Head to Dun. 
nose, which formed one side 
of a triangle, is more than 
64j miles. And in the ex- 
tension of French survey to 
Spain, to connect Iviza with 
the continent, a triangle was 
formed, of which one side 
was nearly 100 miles. The calculations arc verified cither by com- 
paring the calculated length of a base of verification with the 
measured length, or by comparing the distance between two signals as 
calculated from two chains of triangles, beginning either from the same 
base or from different bases. Thus, in England by a series of triangles, 
extending more than 200 miles, from Dunnose in the Isle of Wight 
to Clifton in Yorkshire, it was found that the error in a line of 22 
miles does not exceed sis feet. And in some of the English bases of 
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verification of four or five miles in length, the diiferenee between the 
computed and measured lengths has not exceeded one or two inches. 
(177.) The latitudes and longitudes of the principal stations (those 
of one being known) are then determined accurately, and those of 
the minor objects which have been observed hy a more espeditions 
method. This is for the purpose of mapping; if it is intended to 
ascertain the len^h of a degree of latitude, the distance of two places 
in the direction of the meridian must he ascertained, and the latitude 
of each must be observed. This was the object of the late French 
survey ; their purpose being to determine the length of the terrestriid 
quadrant, of which the 10,000,000th part, or metre, was made the 
standard of hnear measure. For the determination of a degree of lon^- 
tude (a eabulation which implies the spheroidal form of the earth) 
methods are used of which it would be foreign to our purpose to treat. 
(178.) This is a general explanation of the usual process : we shall 
now give the mathematical 
theorems connected with it. 
In the French bases, the line 
measured was not straight, bnt 
^"^"^ consisted of two parts, as « 

and b, (fig. 25), forming a small angle i, (when largest it was 4^). 
To find the correction, 

e' = a^ + b' — 2 a b. cos (j^f)~ a' + b^ + 2 ab cos e, 

but since S is very small, cos fl = 1 — — nearly ; therefore 

c^={a + hf — ah. ^, andc = a + 6— /'^ , ^nearly, 
or the correction is 



■^2(a + 6) ■ 

< 0,000004848, 

" '' " X 0,00000000001175. 

(179.) Supposing the three angles of a triangle observed, and one 
side, as a, known. To find its figure, that the lengths of the other 
sides may he least afiected by the errors of observation. Let A be 
the observed angle opposite to a, B and C the angles adjacent, and & 
and c the sides opposite to them. Suppose the errors of A, B, and C, 
to be S A, S B, and C ; then, as the sum of the angles (if erroneous) 
is supposed to be corrected by altering each of the angles by the same 
quantity, S A = — (5 B + 5 C). Then the true value of c is 
sin(C + 5C) _ 
sin (A — 3 B — 5 0) ' 
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but dn (0 + 3 C) = sin . COS S C + C03 C . sin 3 C 

= sin C + S C . cos C nearly ; 

putting a similar expression for the denominator, and observing that 

sin B = sin (x — B) = sin (A + C) = sin A cos C + cos A . sin C, 

„ , /sinC , sinB,_ , sin0.cosA,^\ 
we find e = a {^—r^ + -^^ 3 C + j-^-^^ — o B 1, 



— g: 



SC + " 



Similarly, the error of 6 is a (j|^ 3 B + "^^^^ ^ C j . 

Now, it is impossible to assign exactly the chances of the errors S B, 
S C, and S A, or — (8 B + 3 C), and our reasoning must therefore be 
vague. It is evident, however, that sin A must not be small ; it is 
largest when A =; 90°. But it is equally evident, that there is a 
greater chance that the signs of S E and ! C are different, than that 
they are the same ; since in the three pairs that we can form of 3 A, 
S E, ! C, two will have errors of different signs, and one will have 
errors of the same sign. And if S B and S C have different signs, the 
errors of b and c will he diminished by giving cos A a positive value. 
A therefore ought to be less than 90° ; and if 3 B and 3 C are probably 
not very different, B and C should be nearly equal. These conditions 
will be satisfied by a triangle differing not much from an equilateral 
triangle. 

(180.) If two angles only, A and B, be observed, the expression 
for the errors will be as above ; but we have now no reason to think 
them of different signs rather than of the same sign. In this case, 
then, we shall probably have our errors smallest, if cos A =; 0, or 
A = 90° ; the remaining angle of the triangle ought therefore to be 
as nearly as possible a right angle. 

(181.) The elevations or depressions of signals being small, the 
correction to be appUed to their measured 
angular distance in order to obtmn the 
horizontal angle is thus found. Suppose 
A, B, (fig. 26), to he the directions in 
which two signals are seen from ; the 
angle A B is measured. If a sphere be 
supposed described about as centre, and 
if through Z the point vertical to great 
circles AC, OBD, be drawn, and C D 
be the horizontal plane, then C D or Z, 
since Z is the pole of C D, is the horizontal 
angle required. 




y Google 



72 FOKMULS PKCULIAE TO GBOBETIC OrHEATIONS. 

,. „ COS A B — COS Z A . COS Z B 
Now cosZ = ^ZA.sinZB " 

Let A B = D, Z ^ D + K ; cos Z = oos 1> . cos :c — sin D . sin x 

= cos D — sin D . jc nearly, let A C = A, B D = A', then 

cos A = 1 ^, cos /i' = 1 — , Bin A = S, sin h = k', nearly ; 

and the equation becomes 

^^g-jy ■ J-, _ cos O ~ k N 

^~~Z 2" 

4.1. J- ^'i' cosD „„ , ,„, 

therefore a; ^ ^^^ _ ^^-^ (h' -\- If-') . 

Let h-\- h' —p; h — U = q; 

therefore h h' = ^' ~" i-' ; A= + /,'' 



and 



2 ' 

4 V sin D sin D J 

1 /.l — oosD ,1 + cojDN 



^K'-' 



For observations with the theodoHte, this is not necessary, 

(18S.) The horizontal angles hemg found, all oar triangles are 
converted into spherical triangles, the sides of which are small com- 
pared with the radius of the sphere. i"or the solution of these tri- 
angles, three different methods are used. The first is to solve them 
as spherical triangles, taking for the sines of the sides the expressions 
in (165) and (167). Knowing nearly the radius of the earth, the 
angle subtended at the centre by an are of given length is known, 

and hence log can be taken from a tabic where a is expressed in 

feet or toiscs ; adding log a, log sin a is found. This method is, by 
Delamhre, preferred to the others. The second is to find from the 
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angles of the spherical triapgles the angles formed by their chords, 
and to solve this an a plane triangle. Let C be one spherical angle, 
C — X the angle contained by the chords, then 



i,(C^») 



_ (chord of g)' + (chord of 6)' — (chord of c)' 
2 chord of a ■ chord of 6 

..«,. = * . , c 

sui- -- + sm' -^ — sin' -^ 



■■i~(— l)(™l) 



2s 


*^" 2 


. b a 
sm~co.-cos. 


6 

2 


-I- 


.CO. 


2 




,(C- 


-^) = ™ 


^M^C+X 


6 

2 "^"^ 

sinC; 


c + sii 


^T 


.sir 


a't 


mC = 


= sin -^ , 

~ 4' 


. b 

8 




cosy 


.COi 


6> 


! = 


e,a~ 


-h=f; therefore a' 


•+f = 


e'^r 


,o6 






- 


sin C = ! 


16 


16 


cosC, 








;.= 


h{^- 


— oosC 
sinC 


-f-'t^ 


^) 








-U^' 


-4- 


-f cot 


I)- 
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All these expressions suppose the angles to be expressed in numbers, 
considering tbe radius as 1 ; if e = » feefc, then for e we must put 

- ; if a; = j» seconds, for a: we must put 



number of feet in radius ' 

m X 0,000004-848. This method was used in the English surveys. 

(183.) The principle of the third method is, by applying a correc- 
tion to the angles of the spherical triangle to treat it as a plane 
triangle. Let a, b, c, be the sides to radius r ; then 

c a b 

cos — — cos — cos — 



2?* 24j^ V""" 2t' •l^i^JV' 2 r' 24i^J 



neariy 



= ——— ■ j^-^j ^■ 

But if C — « be the angle in the triangle considered as plane, then 

cos (C — a:), or cos C + a; sin C = — -^ — ^ ; 

therefore a; sin C = — i-T {2 «' 6' + 2 a" c= + 2 6 V — o'— 6' — c*] . 

The part within the brackets = '^ i^ V^ ^ {a? -\- 1^ — i?y 

= )2 « 6 + K + &' - c0}.j2 o & - (o^ + 6= - 0=)} 

= \{a + br-e}.\<?~ia-hy\ 

= (a + & + c) (a + 6 - c) (a + c ^ 6) (6 + c - a) 

=: 16 (area of triangle)^. 

T. J I ■ .-, n . , r area of triai^le 
But a 6 sill C = 2 . area ; therefore x = yr - . ■ - ; 

.„ , area of triangle 

or, ,f « = » .eeond,, . = 3 ^ ^ O.OOOOMSIS' 

This is Legendre's theorem. If the area of the triangle be found 
in feet, tbe logarithm of the divisor is 9,8038940, a degree on the 
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FOHMULiE PECTTLIAB TO 

earth's surfece being eonsidered := 36515 

General Eoy. The dimensions of the tn 

accurately enough to find the area with fl 

correction is the same for each of the angles 

of the excess of the sum of the three angles 

called the spherical excess. The spherical excess seiaom amoum 

5"; in the lai^st triangle joining Iviza with the coast of Spa 

amounted however to 39". 

(184.) The sides and angles of the triangles being found by e 
of these methods, and the relative situation of the s" 
found, it is necessary to determine the 
angle which some one of the lines makes 
with the meridian. In the English surveys 
this was done by observing with the theo- 
dolite the horizontal angle between a signal 
and the pole-star, at the time when it was 
known to be at its greatest aaimuth. Let 
Z (fig. 27) be the zenith, P the pole, S 
the pole-star, Z S a great circle, Then 
cot Z . sm Z P S = cot S P . sin Z P — 
cos Z P S . cos Z P. Suppose a small error 
in the time, this would create a small error 

in the angle Z P S. Now, as in (131), we find that the simphfied 
expression for the error of Z vanishes when cos S is 0, or S is a right 
angle, Returning then to the original expression, and observing that 
cos Z P = cos Z . cos P ; and putting for cot (Z + S Z), &c., their 
approximate values, we find at length 

sinZ^cosZ (iVr 
sin^P ■ 2 ■ 
Now with the pole-star sin Z is small, and 3 P very small ; hence a 
small error in time will not produce a sensible error in the azimuth. 

(185.) In the French surveys the aaimuth was found by observing 
the angle between the signal and the sun when near the horizon ; 
also by taking the angular distance of the signal from the pole-star 
when nearest to the signal, or farthest from it. To allow the obser- 
vations to be repeated, a correction was investigated not very dis- 
similar to that of the last article, to be applied to the observations 
made when the pole-star was a htile removed from the point nearest 
to, or farthest from, the signal. From this distance the aaimuth is 
found by a right-angled spherical triangle. But iu Spain, a transit 
instrument being adjusted to a mark nearly in the meridian, the 
intervals of the transits of different stars were observed: comparing 
these intH^als with those that ought to have been observed in the 
meridian, the azimuth of the mark was determined by a formula 
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a [iractical astronomy. From tliis tlie azimuth of any 

pial was easily found. 

(186,) The direction of one side being known, we have now to 
solve this problem. Given PA (fi^. 28), 
the colatitude of A, aud the angle P AB, 
and the length of A B ; to find B B the 
colatitude of B, and the angle B, and the 
difference of longitude P ; A B being small 
(seldom = 1°). Here 

cos B P = CCS A P . cos A B 

+ sin A P . sin A B . cos A ; 

let E P = A r — a: ; then 




cos (A P - «) ~ cos A P, or 2 si 


.(AP-|)...| 


= sin A P . sin A B . cos A — c 


».AP(l-co.AB) 


= AB.sinAP.cosA — CO 


.AP.^'.-,, 


AE sin A P. cos 


A-^'e.sAP 


therefore sin ~-^ ^^ — -^ ^ — — ■ 

2.in(AP_i) 


An approsimate value of - is '-^ 


— ; substitutbg this i: 


denominator, 




a; = 2 sin -^T- nearly =: A B cos A 


cotAP_^..i„.A^jj, 



!f greater accuracy is desired, this may be again substituted in the 
denominator; then A B' must be taken in the numerator; and 



°f + -5-('»t)"""* 



_ ( 1 + 3 <wt° A F) sin' A . cos A 
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Then? 
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.„ sinAB.smA „„,„,„„ .in A P . .in A 



sinPB 

Or, if a aeries be preferred, 
^ A B . sin A A : 



nPA sinPA 

PA + PB 



AB. 

-A + - 



sinPB 

(187.) For the points of less consequence, wHeli have been ob- 
erved from two stations, the distances being found considering the 
9 plane, the ¥alue a: =; A B cos ^ is sufRciently accurate ; 

A B . Bin A 
~ "' sio F A ^^^^^' 



These are the prinoipal formulfe of trigonometry that are used for 
surveys on a large scale. We have treated of them at some length, 
as we know not any hook in the English language in which any 
account of them is to be found. We have confined ourselves to what 
appeared to he strictly connected with the subject of this treatise ; 
for the esplanatioo of the methods used in different hypotheses of 
the figure of the earth, and for the residts deduced from tbem, we 
refer to treatises on the figure of the earth. 
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SECTION X. 

ON THE C0N8TRDCTI0N OF TEIGONOMETBICAL TABLES. 

(188.) The construction of tables naturally divides itself into two 
parts : the first is, the determination of values of the function to be 
tabulated for certain values of the arc, at large intervals ; the second 
is, the filling up of the tables by inserting the values included between 
these. In this order we propose to consider the formation of tables 
of the values of trigonometrical lines and their logarithms. 

(189.) The method which first suggests itself for the determina- 
tion of natural sines, is to take some arc whose sine and cosine are 
known, (as 30°, 45°, 18°, 540, &<..) and dRtermine the cosine of half 
the arc by the formula 



•=V^ 



and after repeated applications of it to determine the sine by the form 

Or the sine and cosine may be determined by the formula 
sin a = J {\/ 1 + sin 2 a — v'T^^lm^, 
cos a = J {V" 1 + sin 2 B + v' 1 — sin 2^] . 
This method, when 2 a is small, is more accurate than the former. 

For when — ^ is very small ^= v, suppose x to be the error 

to which it is liable, or the value of the figures rejected; then its 
square root will be liable to the error - — _ nearly, which, when v is 

small, is very considerable. On the contrary, in the other method, 
1 + sin 2 a, and 1 — sin 2 a, being nearly = 1, upon extracting 
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their roots we are not liable to the same error. In this manner find 

the sine of -^if = 52" 44"' 3"" 45"™, Kow by observation of the 

sines of this arc, and of the double of this arc, it will be seen 
tbat the sines of small arcs are nearly as the arcs ; and therefore 
52" 44"' 3"" 45™' : 1' : ; sine found ; sine of 1'. From this the cosine 
of r is found; and the sines and cosines of 2', 3', 4', &e. are found 
by the formula of (38). 

(190.) But the same thing may be done in this manner, with 
fewer (though more laborious) operations, and without the proportion 
used in the last article. It was fouad that sin 6 a = 5 sin a 
— 20 sin' a + lQ sin' a ; conversely, the solution of the equation 
5 a; — 20 iB^ + 16 a^ = sin S a will give the value of sin a. Thus, 
firom sin 15° (found by bisection) we may by approximation find 
sin 3°. Again, sin35:=3 8in6 — 4 sin' b ; solving this equatioa 
we have the value of sin b from sin 3 6, and therefore from sin 3° we 
find sin 1°. By a repetition of the same operations we descend to 
sin 30', sin 15', sin 3', sin 1' ; and then ascend as before. In the 
same way we might have begun from 1B°, or any arc whose sine is 
known. 

(191.) But in a process of this kind, where an error in the calcula- 
tion of one number would aifect all the following ones, it is clearly 
desirable to compute independently some numbera in the series at 
convenient intervals to serve as verifications for the rest. Thus, from 
sin 30° we may by trisection find sin 10° ; from this we get cos 10° or 
sin 80= ; then sin 20° = 2 sin 10° cos 10° is found ; then since 

sin (00° + A) — sin (60° — A) - sin A, 

we have sin 80° — sin 40° ^ sin 20°, 

whence sin 40° is found ; thence sin 50° or cos 40° is found ; and 

sin 70° = sin 50° + sin 10°. 

The sines for every 10° of the quadrant being found, those of every 
degree should then be calculated as verifications for those of every 
minute, &c. The following is the best method of performing these 
calculations : 

sin (m + 1) 6 = 2 cos & . sin n S — sm (h — 1) b, 

therefore 

sin(n + I)&— sin«6=:sin«6 — sin(« — 1)6 — (2 — 2cos6)sinn6. 
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But sin (« + 1) 6 — sin » i = difference of sin « S ; 

sin Ji 6 — sin (m — 1) 6 =; the preceding difference ; 
hence the difference is less than the preceding difference by 
(2 — 2 cos b) sin m i, or 4 sin^ A . sin n 6 ; 

that is, the eecond difference is — 4 sin' — . sin m 6. Now, since 

sin w 6 is already found, this can be calculated ; and the operation 

will not be long, for the multiplier 4 sin^ — being the same every 

time, a table of its products by the 9 digits may be prepared. Thus 
then we have 



11 12°- 



nll° 



Qir . 



a 10° - 



11 11°, &c. 



In this way the sines for eveiy degree may be found ; if the values 
for sin 10°, sin 20°, &c. are not the same as those found before, it 
shows that there is some error in the computation. 

(192.) But the natural sines for these arcs, at least for 10°, 20°, &c., 
or more conveniently for 9", 18°, &c., may be calculated independently 
thus. We found for sin. a; the series 



1.2.8 1.2.3.4.5 



-&c., 



let ^ ^ — . — ; then — - bein{ 
to = 1,570796326794897, we hi 
— X 1,57079632G794S97 
+ -'( X 0,079692626246167 
-'r'-^X 0,000160441184787 
-f- -''„ X 0,000000056921729 
+ % X 0,000000000006067 



found by the differential calculus 
,vesin|r = 

— ^ X 0,645964097506246 

— ^ X 0,004681754135319 

— -„ X 0,000003598843235 

— '^ X 0,000000000668804 
~ ^° X 0,000000000000044 
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Similarly, a 



1.2 ' 1.2.3.^ 

1,000000000000000 



- &«, we have cob . — . -^ = 
~ -^ X 1,233700550136170 



+ - 



C 0,253669507901048 — - 



X 0,( 



13353 



-I- ~ X 0,000919260274839 ~--\x. 0,000025202042373 

-i- -„ X 0,000000471087478 — "*,; X 0,000000006386603 

+ ^, X 0,000000000065660 — - ^ X 0,000000000000529 

+ -^ X 0,000000000000003 

The cosine of an arc being the sine of its complement, — will 

never exceed i , and a few terms of these series will give the natural 
sines with great ease to 15 decimals. 

(193.) When the sines for every degree are calculated, they should 
be verified ; and for this purpose the last equation of (160) will be 
found extremely useful By giving to y and n different values, we 
may with great ease examine the accuracy of as many calculated sines 
as we wish. 

(194.) The sines foi degrees being found, those for smaller divisions, 
as minutes, are generally found by differences. And a remarkable 
relation between the differences of successive ordei-s enables us to 
determine the differences with which we must begin our table, from 
knowing the two iirst of them. Let it be supposed that the are x is 
formed by successive additions of h ; then 



and, consequently, i 
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Hence, a' , sin (a: — h) ^ — 4 siii^ -^ a° sin x 

and, therefore, a' sin (x — 2 h) = IQ sin' -^ . sin x. 
Similarly, *'= sin (sc — 3 S) = ~ 64 sin" -|- . sin x, &e, 

therefore a' .s,m (x~h) = — 8 . sin' A . eos (^ + -^) ; 
similarly, a' sin (« — 2 ^) = S2 sin' -'- . cos (x + -g- ) , Ac. 



Now if we arrange these i 



1 the «B«al order, as below, we 



sia(x~3k-) 


A^n(^-3« 


AS^ll(j;-31> 


..<.-., 


A4 sin (I -3ft) 


a=sln(s-3/0 


sia(x~m 




»ln(jt-« 






4 8ln(i-i.) 




A= sin (1-2(1) 


^IC 


i^»ln(«-*> 


A<sln(*-aft) 


A^. 


A>9ln(*-») 


A'Bln(3:-8A> 


.In («+ft) 







shall remark that sin a;, a' . ain (a; — h), a' sin (ic — 2 ft), &c. are in 
one horizontal line, and that Asina;, a' sin (a; — h), a" sin (« — 2fi),&c. 
are also in a horizontal line. Hence the numbers in. each horizontal 

line form a geometrical progression, whose ratio is — 4 sin' -^ • 

Knowing then sin x and sin ((c + k), we can calculate all the differences 
as far as are necessary, and all our sines are then formed by addition 
and subtraction. If a: = 0, we have but one series of differences to 
calculate. 

(106.) By a sUglifc alteration in the enunciation of this relation of 
the differences, we may avoid using any more numbers than are 
absolutely necessary. Since 

A'sin ^ :^ - 4 sin' A . ain (^ + /<), 

and sin (« + S) = sin k + A sin a, 
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taking the (n — 2)"' difference of each side, 

A" sin j; — — 4 siii= — (A'^ sin x + A"^' sin a:,) 

a formula which gives any difference in terms of the two differences 
immediately preceding. 

(196,) One important point we must not omit to notice, namely, 
the number of decimals to which these differences ought to be csd- 
culated. For this investigation we shall consider each of them as 
liable to the same error in the last figure used (it will never exceed 
half an unit, if we increase the last figure by 1 when the first rejected 
is equal to or greater than 5). Now it is useless to take one differ- 
ence to so many decimals, that the error from it will be much less 
than that from any other ; we shall, then, make them as nearly as 
possible equal. Suppose, now, there are n sines to be calculated by 
the differences, before our operations are verified by one of the pre- 
viously calculated sines. The theory of finite differences gives us for 

th. (» + 1)" sine, sin n- . A ,in « + 54i:jll' A- . sin (^ - ;.) 





1.2.8 




».(»-l).(. + l).(.-2) , 




^ 1,2.3.1 




(«-l).(» + l).(»-2).(« + 2) 




1.2.3.4.5 



n (a: — 2 A) -1- &c. 

The error of each difference will bo multiplied, in the n" sine, by the 
multiplier of that difference. If, then, w = 69, the first difference 
should be carried to 2 figures more than the sines, the second to 4, 
the third to 5, the fourth to 6, the fifth to 7, the sixth to 8, the 
seventh to 9, the eighth to 10, the ninth to 11, the tenth to 12. 
Or, if we make use of the differences ciJculated in (195) as the 

(« + l)"'sine = sin. + «..inx + ^^fc^>.= sin. 



.jn- l). in~2-) 
1.2.3 



sin a; + &e.. 



we may in a similar manner find the number of decimal places to 
which each of these must be calculated. In adding any number tu. 
or subtracting it from, any other number which has not so manv 
decimals, we most not use the superabundant figures, but inc 
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by 1 the first figure u i,d if tlie fiist of tlie auj eiabundant figures 
be not less than 5. Tbe sines with whicli wc begm should he taken 
to 2 OP 3 flgTires moie than it is intended to picsorve in the tables. 
In this way we can ealeulite with great icouricy and without any 
unoecessaiy labour 

(197.) To interpolate foi amiHer divisionb as &eu)nds, it is con- 
venient to have a formuli Idi finding the differences for the smaller 
divisions, by means of the differences for the larger ones. Suppose, 

now, the smaller divisions to be each - — of the larse ones. Let 

a', a", &e., be the lit 21 &i, differences f r minutes and V, S", &c., 
those for seconds. Thtn, by the comnun ioimula, v>k have 



p \p p'/ 1.2 

\1> P P"' 1-2.3 

(^ 11 -)- ^ _ A^ X ^"" - 
V V p' r'' 1'2.3.4. 

, /24 50 , 35 10 , 1 N a"'" 

V7~7 7^P* W'1-2-3.4-5 

and the sinca of (x + 2"), (x + 3"), &c., wiU be found by putting 

~ — &e for-i-. Upon taking the differences of these sueeessive 
p' p' p ^ 

values, it is dear that the numerator of — in the «" difference will 

be A- . 0" * multiplied by ite factor in sin (x + 1") . Thus we find 
(going as far as the 6th differences) 

«« order of difleren«e» of (he series 
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^__^_p^zl • I (y-')(^P"') j- 

_ (p-l).(2p-l).(8p-l) 

24 p' 

, (p-l).(2y-l).(3p-l).(4y-l) 

120 p' 

J- = i A- - tli A- + (P-l)-("l'-') ^.. 

f' p^ 12 p' 

(p-l).(2p-l).(5p-3) 

12p" " ■ 

s-_-L - 3-(y-l) J- , (p-l).(7p-5) 
^ p= 2p' 4/ 

8-= 1 J. 2.(p~l)_„„, 
p' P' "^ ■ 

These expressions* are quite genera!; from the relation among the 
differences of natural sinea mentioned in (194), it is not absolutely 
necessary to calculate more than the first of them ; but even there 
it will be more convenient to use the formulje. 

■ The demonatration in the text is the most sunple, but the law maj be found 
more generaJiy in this manner. The problem ia, from the given differences of the 
Belies, «, , "rfri "i+Sj" ^- ^ ^"^ ^^ diffferenoes of m, , ai+i, "i^-a, So Let ^ (<) 
be the GeneriAg FwKiion of «< ; iha generating functions of a Ui , a^ Ui , &c. exo 

I— — ij p((), ^ — _iV p{()&o.i sndthoaeof S u, , !2»,,&c are/ \\ 

9(i),(T — l)- P(Oi ^"^ For!^, «,, tJien, we most express (— — ij in powers 
0f(^-l). Leti-I^,,--^=.(14..);;(~-!) = (l'+?;-l)~ 
let this = A z» -[- B 5-+' -|- &c. ; therefore (~ — i\= A. /^— _ jV -[- B . 



!" , s*4-', &C. in the expansion of j 14^ 
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(198,) The sines up to 60° being ealculatect, tHose above 60° will 
be Ibund by simple addition, from the formula 



50° + A) .: 



a (60° — A) + sin A. 



(199.) The tangents will be found by dividing the sines by the 
cosines. Alter 45° they may be fomid by the formula 

tan (-15° + A) = tan (45° — A) + 2 tan 2 A. 

(200.) The tangents may also be fownd independently in the fol- 
lowing manner. If we expand every fractional term, except the first, 
of the first series in (157), and add together the coefficients of 

similar powers of x, and for x put — . -^ we have the following 

expression, 



+ -^ X 0,297556782059734 
+ ™ ■ X 0,001842475203510 
+ -^j- X 0,000021697737325 
+ ^ X 0,000000266413303 
+ ^ X 0,000000003286788 
+ -™^ X 0,000000000040754 
+ ^ X 0,000000000000501 
+ "V X 0,000000000000006 



, X 0,6366197723675813 



- -,- X 0. 

■ -^ X 0,000197580071520 

■ -^ X 0,000002401136991 

- ^ X 0,000000029586468 

- ~ X 0,000000000366175 

■ -ii >= 0,000000000004508 

- ^ X 0,000000000000056 
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Similarly, from the second series in (157), cot — . v = 

-^ X 0,6366197723675813 — r* ^^! >< 0,3183098801837907 
^- X 0,205288889414508 — -^ X 0,006551074788218 

— ~- X 0,000345029255397 ~ -p X 0,000020279106052 
_ ^ X 0,000001236652718 — -^ X 0,000000076495882 

— ^ X 0,000000004759738 — —„- X 0,000000000296905 
_ _'^_ X 0,000000000018641 — ™|,- X 0,000000000001158 
_ atl X 0,000000000000072 — -"43- ^ 0,0000000000000035 

The first fractional term in each expression is not espanded, as the 
series hy that means are made to converge much more rapidly than 

if it were. It will never be necessary to take — greater than ^. 



(201.) It is plain, however, that this process is too lahorioiis to be 
appUed to every one of the small divisions, and that it cannot with 
ease he extended farther than to every degree. But the calculation 
of differences of tangents admits of none of those simplifications which 
assisted us so much m forming tables of sines ; we proceed, therefore, 
to give a method which apphes to all cases whatever, 

(902.) Let w be a function of z = p («) ; suppose at to receive 
the inercmeiits h, 2 h, &e. ; then 



d^ I .2 dx^' 1.2.3 
w I o.^ J.-^" 2.h,d'u 2\k' d'u Z'.h' , , 
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Upon taking the differences it is evident, that (oljserving that A 
ia when n is greater than m) 



12....n'dsf ' 1 2~.:..(n+r)- dx-r' ' "^' 

a" 0* a" , 0""*"' 4. 

Now the numbers =— ^.— k", =— ^ -'■ — . , - r ^"+', &o., can he 

conveniently calculated first (as they will be the same for every 
difference calculated thus) A being expressed supposing the radius =; 1; 

and the formula for - — can also he found, and it will only be 

necessary at each calculation of differences to substitute numerical 

values in the expression for t— ^ For the tangent u = tan x, 

-r— ^ sec' X, -T—.-, = 2 see' ^ tan x, &c. ; and for intervals of a minute 
dx ' dx' 

each, h = 0,000290888208665721596. The following table contains 
the values of zi — ^^- from n = 1 to n — 12, and from m = 1 to 
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_ n || |g jlg _^, ,, 

= : -[i -i| ijl s!s sis ai- SIS -. - 

-=] -11 -« 311 -I- Si- - - 

<i|<i <i|<il<iUl<i|%|^|||5|?, 
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(203.) The same cautions as in (196) must be observecl witli re- 
gard to the number of decimals. And for the calculation for smaller 
divisions, as seconds, the formulse of (197) must be used. Thus the 
table of tangents is completed, 

(304.) The secants are calculat-ed from the formula taji A + cot A 
=; 2 coseo 2 A. This gives the cosecants or secants only for every 
second division ; but the interpolation for every division will be 
BufBeiently easy. 

(206.) Thus tLen our tables of nafcural sines, tangents, and secants, 
is completed. The tables of their logarithms migtt be formed by 
taking from logarithmic tables the logfirithms of these numbers ; and 
many writers have considered this as being upon tlie whole the 
easiest way. As they may, however, be found independently, and 
therefore free from all errors of previous computations, and as the 
method appears to he the easiest, we shall give it here. 

(206.) It has been seen (1.55) that 

and therefore log sin :e =^ log a: + log (1 j\ 

+ l°s(l-~)+'°s(l-5^.)+fc 

Expanding all the fractions but the first, and putting M for the 
modulus of common logarithms. 



= log x + Iog (l ^ J 



-M -; 



+ v 



Adding the coefficients of similar powers of x, and putting — 
for X, we find the following series, 

log sin -^ ■ -|^ = log m + log (2 » — m) 
+ log (2 « + m) — 3 log m + 9,5 9405 98 857021 DO 
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— -^,- X 0,001117266441662 

— -,- X 0,000001729270798 

— -^ X 0,000000004348716 

— ~ X 0,000000000012659 

— ^ X 0,000000000000040 



--^ xo, 

— -^ X 0,000039229146454 

— ^ X 0,000000084362986 

— ■^^- X 0,000000000231931 — ~ 

— ™g- X 0,000000000000703 — ^ 

— ^ X 0,000000000000002. 

And similarly log cos s" = ^°B (" — "*) 



X 0,: 

X 0,000209485800017 

X 0,000001480193987 

- X 0,000000012981715 



log(n + m)-2Iog« 
< 0,003187294065451 



- —f X 0,000016848348598 

- %■ X 0,000000136502272 

- ~ X 0,000000001261471 



_ i2_ X 0,000000000124567 jj- X 0,000000000012456 



"^ X 0,000000000001258 
V X 0,000000000000013 



- ^r >^ 0,000000000000128 
--^ X 0,000000000000001 



(207.) If — be BmaD, the first terms in the last expression, which 
tc^ether = log ( 1 ^\ may he espanded into the series 

where M = modulus ^ 0,434294481903252. 
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or TKIQOHOMBTBICAt TABLES. 

To make the logarithm positive, 10 muat be added. This makes 
om' operations entirdy independent of logarithmic tahles. 

(208.) It is sufficient to find the log sines of the ares hetween 45" 
and 90°, or the 1(^ eosmes of arcs less than 45°. The reminder 
may be found thus, 

log sin A = 10 + log ain 2 A — log cos A — log 2 



= log sin 2 A — log cos A + i 
By properly applying this theorem we may descend successively from 
log sin 45° to the log sines of all arcs less than 45°. By this method 
then the log sines and log cosines, and consequently the log tangents 
(since log tan A = 10 + log sin A — log cos A) may be calculated 
for every degree. 

(209.) If, however, the log sines he calculated independently for 
larger intervals, as for every 10°, the difierences for every degree 
may be thus found, 

tog »» (I + J) - log .in • = tog '^^^ 

-^" l.ia (, + i) + .m^ + T ■ U (» + *) + .i. J +*=} 
a series which converges rapidly. Or, when one first difference is 
thus found, the second differences may be calculated by this series, 



„.. fsin- (« + «)-«. 




+ 1 ('" 


ism^(^x + It) -heii 


i«.rai(» + 2*) 


^ 3 V.i, 
ich, moo 


-iini..m(i + 3i) 





i' ix + h) + smx .sm (x + 2h) - cos' h + cos {2 x + h)' 
converges much more rapidly. 

(210.) Before proceeding farther, it will be proper to verify the 
numbers already calculated ; and here the formula of (159) will he 
found very useful. For taking the logarithms of both sides of that 
equation, log sin n j3 = (n — 1) X 0,3010299956639812 + log sin jS 

+ log Bin U+ l.\ + log sin U + — ^ + &e. to » terms, 
where n and (3 may be taken at pleasui-e. 
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(211.) It is then best to fill them up by differenceB ; and the 
differences may be calculated in the same manner as in (202.) 

Here |^ = McotM^; ^ = — M (1 + cot^a^) ; 

^3 = 2 M eot « (H- cof x), &c. 

The calculation, of the differences is rather tedious, but the tables are 
formed then with great case, and tlie certainty that any error will 
be discovered at the nest place of verification makes this method 
superior to any other. 

(212.) For the smaller divisions, the differences will be found 
from these differences by the formnlffi in (197). Thus our tables of 
logarithmic sines, cosines, and tangents will be completed. 

(213.) It is unnecessary to examine by any formula of verification 
the accuracy of the nimibera for the small divisions of the arc. It 
is scarcely possible to have a better verification, than the agreement 
of the last of a series of numbers computed by differences with one 
which has previously been calculated by an independent process. 

(214.) In (165) we have alluded to tables of the logarithms of 

These are calculated very easily from the 
™ l.g S»-- = - M 1^ + -,^-^ + ~^, + & .} 

When X = 5°, the third term has no significant figure in the first 
ten decimal places. For tables to 10 decimals the first term is suf- 
ficient up to 1", and the first two terms to 5°. For tables to 7 
decimals, the first term is sufficient, as the second term produces 1 
in the last place when x = 5°. This, therefore, is easily calculated 

by second differences. If the Ic^ - — - be required, since — ■ 

^sin5 J_ ^^gj^^^g 

log — — - = log 1- ar. comp. log cos x ; 

or it can be calculated in the same way. 

(215.) Since seca!= , its logarithm will be immediately found. 

And since versin a; =: 1 — cos *■ = 2 sin^ -^, the natural and logar- 
ithmic versed sines are found. They are seldom inserted in tables, 
except in those employed in nautical astronomy. 
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94 OK THB COHaTECCTION OF TEIQOKOMETEICAL TABLES. 

(216.) The principal tables commonly in use are tie following: — 
Slierwin's, containing, besides the logarithms of nuiiihers, sines, 
cosines, tangents, &q., natural and logarithmic, for eery minute, to 
7 dedmals ; Hutton's, containing the same, with an interesting and 
valuable introduction ; Gardiner's, with log. sines, &c., for every 10 
seconds to 7 decimals ; Taylor's, with log. sines, &e., to 7 decimals 
for every second. Of these the most common is Hutton's. Many 
smaller collections of tables are in use. Of the foreign tables, the 
best are Vega's, containing the logarithms of numbers and bg. sines, 
Ac., for every Iff' to 10 decimals ; Callet's logarithms of numbers, 
log. sines, &c., for every 10" to 7 decimals, with some tables for the 
decimal division of the circle. This is a very convenient and useful 
collection. An abridged form of the TahUs du Cadas^e, revised by 
Delambre, has, we believe, been edited by Borda ; and must form a 
useful coUection for the decimal division. 

(217.) Trigonometrical tables have generally sines, cosines, tan- 
gents, cotangents, &c., up to 45°; the cotangent of an arc being the 
tangent of its complement, &a. What is gained by this arrange- 
ment, escept perhaps in the use of subsidiary angles, it is not easy 
to say, and in taking out the sine, &c., of an arc greater than 45 , 
or greater than 90°, there is frequently some confusion. We shoold 
prefer the more natural arrangement of sines, tangents, &c,, up to 90°j 
these read in the reverse order (as shovm. by the figures and titles 
at the bottom of the page) would give the cosines, cotangents, &e. 
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